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CHAPT ER I

Synthesis of Electric Networks

a. Types of electric circuit problems and the of

the present research.

In the study of electric circuits, there are

generally three types of problems. First, the applied

voltage and the properties of the network are given and

we wish to find the response. In other words, the cause

and the network are given and we seek the effect. Usually

the cause is a voltage, and the effect a current3 both

maybe either a function of time or frequency. Second, the

network and the response are known and we seek the cause.

Third, we know the cause and the effect and seek the network.

The first type of problem is the ordinary type which has been

treated very extensively. The second type has received very

little attention. It involves operational methods. The last

type has a considerable amount of technical importance aside

from scientific interests, but is very seldom dealt with in

the literature owing,of courseto its difficulties.

In this thesis, we are interested in the third type

of problems. Apparantely there are two stages in the

solution of a problem of this sort. First, knowing the

effect, we find the operator which connects the cause and

the effect. This process is treated in the Operational



Calculus and consists of the evaluation of the Fourier

transformX. The operator gives the characteristic of

the network as a function of frequency. The next step

in the solution is to find the network possessing such a

frequency characteristio.

The second step in the solution of the third type
probler

of electric circuit problems is the main of the

present investigation. Stated more clearly, our problem

is to develop a method for the design of electric net-

works directly from assigned admittances or impedances.

It is assumed, of course that these networks are con-

structable from the a'ailable circuit elements, namely,

positive resistances; inductances, and capacitances.

This problem is an exceedingly important one

particularly in electrical communication engineering. The

design of transmission networks of which wave filters,

balancing networks, artificial lixes, and phase correction

networks are examples, is of prime importance in all forms

of electrical communication engineering. Mathematioal

difficulties and the limitation of the use of generally only

three varieties of circuit elements, namely, positive re-

sistances, inductances, and capacitances, have prevented

1 Mr. J. B. Russell of -the M.I.T. is developing a method
based upon a very ingenious idea of Dr. N. Wftner for the
evaluation of the Fourier tr*,sform of a function.



a rapid advancement in this branch of engineering. There

is a great opportunity for research on this subject which is

certainly as fascinating as it is important.

b. Present state of the problem.

We will not go into the details of the present methods

of network design, but we can get a general idea from the

following quotation from a recent paper by 0. J. Zobel. 1

"It would be most gratifying to be able to obtain
directly from a desired propagation characteristic
the corresponding form of network. This is gen-
erally a difficult problem and it becomes necessary
to resort to simplifying methods somewhat similar
to those employed in the design of electric wave-
filters. - -- - We would, therefore, begin
with the known form of networks whose general
propagation characteristics haye been determined
and choose from them one or more whose combination
offers the possibility of giving a satisfactory
desired result"

The existing direct method of attack on this pro-

blem is one that involves the use of continued fractions.2

It is know that in a ladder type network such as shown

1. 0. J. Zobel, Distortion Correction in Electrical Circuits
with constant Resistance Recurrent Networks, Bell System
Technical Journal, Vol. VII, No. 3, July 1928, p. 466.
Z. See .ot no"e 0 4.1ow;4 ?16*-



;ohere - stands for impedance, the impedance looking into

the network from the terminals a b is given by the con-

tinued fraction

V ~4

If ' is given and can be expanded in the above form with

the signs of Gi positien, and further, if i are known

networks, then evidently B.can be constructed. Such an

expiission has been studied for the more general case

where 4i is of the form awhich has a physicalc Jw+d wihhsapyi

meaning when a, b, o, and d axe positive constants.

This method has several applications, but besides other

limitations, the evaluation of the coefficients of the

expansion is a long and tedious process. It is not

applicable when the desired network characteristic is

.given as a graph which is usually the case.

2. T.0.Fry, The Use of Continued Fractions in the De-
sign of Electrical Networks, Bulletin of the American
Mathematical Society, vol. XXXV, pp. 463-498, July--
August 1929, U.S.Patent 1,570,215, 1926, filed June 11,
1921.
W. Cauer, Die Verwirklichung von Wechselstromwiderstanden
vorgeschriebener FrequenzabhIngiagkeit, Archi& fur
Elektrotechnik, vol. 17, 1926, pp. 355-388.
A. 0. Bartlett, A Note on the Theory of Artificial Telephone
and Transmission Lines, Philosophical magazine, vol. 48,
1924, p. 859, Properties of the Generalized Artificial Line,
Phil. Mag. , Vol. 1, 1926, p. 553, British Patent 290,
70;, 1928, filed January 1927.



5

CHAPTER II

THE ADMITTANCE FUNCTION

a. The Converse of the Ordinary Problem

Since our problem is to find directly from a de-

sired transfer admittance function, the corresponding form

of network, it is important for us to know some of the pro-

perties of the admittance function, before going into the

actual problem. In the ordinary problem, the network is

given, and it involves no particular difficulty to obtain

the admittance function. But if we are to write down an

expression to represent the admittance function of an un-

known network, we cannot accomplish our task as readily

as before. One reason is that the real and imaginary parts

of an admittance function are related. If either part is

arbitrarily chosen, the other must satisfy a certainiela-

tion in order that our expression represents a physically

realizable network. Likewise, the absolute magnitude and

the phase of an admittance function are related. Another
9 U r

reason is thattour expression may regffa- negative circuit

parameters.

b. The Imlicit Relation Between the Real and Imaginary
Parts of the Admittance Function

In the study of circuit transients, we have no-

ticed the implicit relation between the real and imagin-

ary parts of the admittance function. The explicit ex-

pression for the indicial admittance obtained by means
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of the Fourier integral is:

A (t) = P (o) + 2 Q (o) cos wt dw

0 L() sin wt d ($)

where

A (t) = Indicial admittance

P (H) Real part of the admittance function

Q (w) = Imaginary part of the admittance function

t = Time

=2 r frequency

P (o) = P (c) at zero frequency (a constant)

Differentiating under the integral signs, we have

the implicit relation between P (w) and Q ().

Q() sin wt dw = P (w) cos wt dw (2)
0

This equation-states that the Fourier cosine transform of

the real part of the admittance function is equal to minus

the sine transform of the imaginary part of the same func-

tion.

It seems that in electrical engineering litera-

ture, the properties of the real and imaginary parts of the

admittance function beyond what is just stated, have not

'appeared. In mathematical literature, however, we find a
2

-number of papers of recent years on "conjugate integrals"

These are just what we need in our electrical engineering

problems.

1. See for example, V. Bush, Operational Cirdnit Analysis,
John Wiley and Sons, 1929, p.l O

2. E.C. Titchmarsh, Conjugate Trigonometrical Integrals,
Proceedings of the London Mathematical Society, 2nd
series, vol. 24, 1926, pp. 109-130. E.0. Titchmarsh,
On Conjugate Functions, Proceedings of the London

Mathematical Society, 2nd seriesvol.29,1929,pp.49-90.



c. The Explicit Relation Between the Real and Imaginary
Parts of the Admittance Function

If we take the cosine transform of equation (2),
1

we have:

P (o) - 2 Cos uL d ujQ (t) sin u t d _f(3)
Note the P is an even function and Q'is an odd function.

Similarly,. the sine transform of (3) gives:

Q (w) = - 2 sin u w du P (t) cos ut dt (4)
T 0 0

Equation (3) states that the real part of the admittance

function is minus the cosine transform of the sine trans-

form of the imaginary part of the same function. Equation

(4) states that the imaginary part is minus the sine trans-

form of the cosine transform of the real part.

d. ConJugate Integrals - Hilbert Transforms
2

It has been proved that:

P ()i=1j ()du (5)r u- W
Q(m) -1 ' (u) du (6)

Or, written in another form:

P () -Q (w+ u)- Q (w - u) du *~f)
Q (a) .. P (W + U)- P ( )d 8

The integrals are defined as principal values,

that is, integrals of the type:
00

Foot note continued from previous page:
F.M. Wood, Reciprocal Integral Formulee, Proceedings
of the London Mathematical Society, 2nd series, vol.
29, 1929, pp. 29-48. Other papers on this subject
are found in these references.
The writer is indebted to Prof. Wiener nrthese refer-
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A theorem*states that if P (w) is a function whose

p-th power is integrable over any finite interval (p > 1),

that is:

1P (M) dw p 5 1 exists,

and

P (w) d-u> and P( - oheit

then Q (w) is also a function whose p-th power is inte-

grable over any finite interval and

S Q (o+u) -Q(w-u) du

is summable (CI)for all . If the lower limit of the

integral is taken to be the origin, then:

1 Q(W+u) - Q (W -u) du
uo

exists for almost all , and is summable (0,I) to P().

Further, if P (w ) obeys a Lipschitz condition of

order a, that is:

P ( + h) -P (u 4 A \ht' o<4-

for K k, uniformly with respect to over any finite

interval; then Q ( w ) also obeys a Lipschitz condition of

order a, and

0 1 ( +U) - Q (w -I)dIud

is summable (0,1) to P ( w ) for all values of LO .

Foot note continued from previous page:
ences, and for giving him considerable assistance on

this subject. He has not, as yet, read this chapter
so that any error contained herein cannot be attri-

S'ew e ~9.
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buted to him.

1. See for example, V. Bush, Operational Circuit Analysis,
John Wiley and Sons, 1929, Appendix B, (by N. Wiener),
P- 370.
For application of this and the next equations to spe-
cific problems, see "Illustrative Examples", at the
end of this chapAer, and also chapter VI.

2. Ibid
For application of these equations to specific problems
see "Illustrative Examples', at the end of this chapter.

loc. cit.

** From E.W. Hobson, the Theory of Functions of a Real
Variable and the theory of Fourier Series, Cambridge
University Press, 1926, p.385: The Integral

S (t) a t
is said to exist (0,I) wben

lim dt, f(t) d t

has a finite value. The integral

f(t) d t

is then said to be summable (0,I) and its sum (0,I)
is defined to be the value of the limit.
We have for the sum (C,r) of the integral

f0 t a t )

the expression:

lim (1 x d t)
6+0 x

When the intecrral exists in the ordinary sense, it is
summable (o,$0.
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Equations (7) and (8) are known as Hilbert trans-

forms. The real and imaginary parts of the admittance

function are therefore Hilbert transforms of each other.

They are often called conjugates.



A

e. Cauchy-Riemann Conditions

The admittance function of a dissiDative network

has all its poles located on the left half of the complex

plane. This means that the roots of the equation:

10

where Y (x ) is an admittance function, have either nega-

tive or zero real parts. Therefore, the admittance func-

tion of a dissipative network is analytic over the right

half of the complex plane.

From our study of the theory of functions of a

complex variable, we know that if:

w= u+ j v

and

z= x+ j y

where u and v are real functions of x and y, and if u and

v satisfy the Cauchy-Riemann conditions, that is:

ax y

and

b y x

then w is said to be an analytic function of z . Further,

two real functions, u and v, which satisfy the Cauchy-Rei-

mann conditions are called conjugate functions.



Since our admittance function is analytic over

the right half of the complex plane, it satisfies the

Cauchy-Riemann conditions over that region.

Let us take the admittance function of a series

circuit of an inductance and a resistance to illustrate

our point. We have:

Y ( * ) = 1
+

Now make the substitutions:

Y() = w =u+ j v

then

Y )1
1 + x + j Y

u = l + x y
(1+x)+ y1+x + y

U (1+x)a+ yz - 2(1+x)a ; Y- (1+X)
SX (1+iY2+ yo yZ+ (1+X) 2

Y 

y 0+x X)'- 4 YI = -T -+X

__ u + 2 (1+x) y
a y (1+X) Z+ y2

V -2 (1+x) Y
SX (l+x)2+ y2

The Cauchy-Riemann conditions are therefore satisfied.

and

(l + X) , iy
('+x)2 + y2 ~ (1+x)z+ yF



= u,+ j V,

u,= _. ln (u2
2

v,= tan 1v
U.

+ vz)

If u + j v is analytic, we ;nquire whether ut + j v, is

also analytic. We have, by assumption:

"x y by yh

Differentiating,

u, _ 1 2 u x+ 2 v 3x
x 2 uZ + V2

6v, = u 6 y - v y =

d y (1+yvz) U2 -
uaT

x+ v
U2 + V2

and
3 u -6 v

hu =1 2 u 6 y + 2 v 75Y
-y 2 U+ vZ

6v hu 6u vy
u x - v x --U by - - U

ax (1+vz) u2  U2 + v2 -
U2

Hence, if u + j v is analytic, loge(u + j v) is also ana-

lytic.

where

and

f. The Relation Between the Absoluteand the Phase of the
Admittance Function

Let us take the logarithm of w = u + j v.

-l
loge w = 1 ln (ua + va) + j tan v

2 u

(lOMOt'. 1,6 =6)

)Ut



1i

The function u corresponds to the real part of

our admittance function, and v, its imaginary part. There-

fore, since the admittance function is analytic over the

right half of the complex plane the logarithm of the same

function is also analytic over the same region. In other

words:

P ( ) andQ ( v )-and 1 logz(Pz+ Qz) and

tan1 -
P

are conjugate functions, and are Hilbert transforms of

each other. The reciprocal formulas (3) and (4) Wr(7)

and (8) hold for 1 loge.(Pz+ Qz) and tan~Q . Of course,
2 P

in these formulas, we substitute 1 loge(Pz+ Qz) for P

and tan~ R for Q Thus,1

P

in (P+ Q 2) in Y Cos u d u (9)

(t) sin u t d t

tan 1 1 sin w u d u ln \Y\ cos utdt (10)
P o

or
00

in Y (W +u) - 4 (w-u) du (11)

1 in Y( + u) i n Y ( w -u) du
T1 U

11) u
(12)

1. See ,Illustrative Samplesit at end of this chapter for
simple applications.



It is to be noted that while we need to avoid

only infinities in the integrations involving P and Q,

it is necessary to avoid the zeros, also, when we deal

with loge (P8+ Q1), the reason being that the logarithm

of zero is minus infinity. When (P2+ Q2 ) = 0, the solu-

tion is not unique; the phase can be changed.

The relations between the real and imaginary

parts and the magnitude and phase of the admittance func-

tion are familiar to us and we need no further discus-

sion here.

We have seen that from the real part of the ad-

mittance function, we can determine its imaginary part,

and vice versa; and from the magnitude we can determine

t-he phase - by the same equations - and vice versa, pro-

vided the conditions for the validity of equations (3)

and (4) or (7) and (8) are satisfied. Therefore we can

say that given any one of the four quantities, that is,

the real part, the imaginary part, the magnitude, and the

phase, the other three can be el-vated. 7

. Evaluation of the Conjugate Integrals

The evaluation of the inegrals is difficult.

Only very simple problems can be carried through. The

choice between equation (3) and (4) and (7) and (S) de-

pends on the specific problem. Remember that in evalu-

ating these integrals, we take their principal parts.

This makes our task a little more difficult.



Mr. T. Gray, of the Massachusetts Institute of

Technology, under the supervision of Dr. V. Bash, has de-

veloped an optical integrating machine. This work is

Gray's doctorate thesis. Equations of the type (7) and (8)

can be handled by this new device and it requires but

little labor and time in the actual process of solving

these equations. Thus, we have at hand the proper appar-

atus to deal with our integrals.

h. Parsegal Theorem for Conjugate Integrals

Consider the integral:

( ) Pa ( ) d

where P, ( - ) and P2 C o ) are the real parts of two

different admittance functions. The integral is assumed

to exist. By the Parse*al Theorem for Fourier Trans-

forms.
00

P( ) Pz C w ) dw= __1_ P,(u) cos u o du

Pa (u) cos uw d u d w

-0

We have seen however, that the cosine transform

of P is minus the sine transform of Q. (see equation 2)

Hence:

00

P,( )P2 ( wo d e 2. )sin u wdu

Q Cu) sin u w du dw

1. See for example, Operational Circuit Analysis, V. Bush,
John Wiley and Sons, 1929, Appendix B (by N.Wiener) p.373

16



where Q, and Q2 are the imaginary parts for P, and P2 re-

spectively.

Again, by the Parsedal Theorem for Fourier trans-

forms we write:

P, ( ;8 ) p ( ) dco = ? ) ( > ) d u
-(13)

which is known as the Parsepal Theorem for conjugate func-

tions.

This is an important equation in the theory of con-

jugate functions. It will be seen in the next chapter, that

this relation simplifies our problem tremendously.

If P, P2, equation (13) becomes,

[P w )1' d- (L )\dA (14)

This has been proved in a much more rigorous

manner by E.C. Titchmarsh2 . His theorem states that if

P ( c ) is of integrable square over (- ) and satis-

fies a Lipschitz condition of order a, uniformly in c-,

that is:

P ( + h) - A Ih (0 C ai ),

for Jhl < k, then Q ( w ) satisfies the same conditions,

and equation (10) holds.

1. For a specific case, see (7) under "Illustrative Ex-
ample" at the end of this chapter.

2. E.C. Titchmarsh, Conjugate Trigonometrical Integrals,
Proceedings of the London Mathematical Society, 2nd
series, vol. 24, 1926, p. 119.
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i. Illustrative Examoles

1. Assume that:

P ( W ) . 1
S+ W'3

and find Q ( w ).

By equation (4) which is equivalent to equation

(6),

Q ( U ) = -_2_

11

00

P (U). dU -_2 d U
W - U IT U) (r+U27

Integrating by partial fractions:

_A
(C4 -u

+ B u + 0
1 + u?)

00

d u + 1W -U 1+w

00
u d u +
1+ U+ 1+u

0

00
d u

1+ U,

2_ __ ln. 1 + u +
1+ Ws C' - U 0

W1-
2 (1+~~

which we know is. the imaginary part of the ,admittance of a

resistance and an inductance in series. The assumed real

part isof course, recognized as the real part of the ad-

mittance of the same circuit.

2. Working the'problem backwards, that is, assuming

Q (W ) = d u

2 1u
1+ Lul_

1 + U.)

18
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that:

~(w) =

L+ 2

,we have, by equation (3), which is equivalent to equation

(5),

P (LI) = 2

O
Q (u) du = - __O -U

u d u
(u-U) (1+ u-).

Again, integrating by partial fractions,

P ( ) = 2 A, + Bu+ d uW (o -U 1+u )?

PO
P ( .) 2 W_

ir11 + W2

(u d u
1+ u2

d u + wi
W -u + Loa

1 d u
+ u&

= 2 V
1+ u

in r+ uj
w - u 2 (1+<(A))

1 
2l+w

which is the original assumed P( U)

3. Let us use equations (3) and (4). Suppose:

P ( W ) = 1
1+ WOa

as before, then by equation (4),

S2

2_

sinwu d u

sin cu d u

" 1
2+

cos U t

v -I e- **

1 + W2

d t

n Je b

BeBierens d~e Haan, Nouvelles Tables D'Integrales Definies,

19



+ W2

then by equation (3)
0 Scu 0

P 2 ces w u d u -t
_W f 0l + tZ

bo

= _cos w u d u I_

sin u t d t

e I*

= - 1
1 +0w

5.Let 1 ln (P'+ 1) ln( 1 )
2+

which is

the absolute value of the admittance function of the re-

sistance-reactance series circuit. The values of the re-

sistance and reactance, as in the previous examples, are

assumed to be unity for the sake of convenience. The pro-

blem is to find the phase of this circuit. By equation

1 sin wu d u
0

00
1 ln ( 1 ) cos u t d t.

-) 2 (1 + t9)

Performing the first integration by parts, we get:

00=I_ sin w u d u 1 ln
2 -Vi U

1 sin u t
1+t2a

t s in u t d t **
1 + t z

Foot note continued from previous page:
Table 160, no-5, p.223. *'coz p x

*

*% Table 261, No.1, p. 383. O
e

d x _
qz+ x2 2q

~9% sin q x d x =

K

.. 2
U

.

q2+ p2

4. If Q ( w ) is given as:

11 Qe VNQX P-Ate)



Foot note continued from previous page:

* Ibid,Table 160, no. 4, p. 223

sin p x x d x 1 e
- 'e qz + X8 =2g

**Table 261, no. 2, p.383

e ox q x d x=p
p2  q2

*** Ibid, Table 160, No.4, p.223
60
sin p x x d x 1 __ ep

qz + xz 2



= - e00
-u -

sin L> u d_u tan 1

IT

which we know is the correct expression for the phase

of the series circuit.

6. The converse of the precepding problem is:

given the phase f of an admittance function, find the

absolute magnitude V of the function. Again, consider

the simple resistance and reactance series circuit.

Given:

-1
= - tan u

Inserting this in equation (9).

ln 1Y1 = - _1 cos u d u -tan- 1 t sin u t d t
0 0

Integrating by parts:

inJY = 1 Cos W u d u 1 tan t cos u t

+ 1 cos utd t **
1 + to

in [ Y I = e-u cos w u d u
U

Differentiating under the integral sign with respect to w

d ln IY =
d U

00
- e-u sin wU d u-

* Table 365, No.1, p.509 e-PXsin q x dx tan-1 -
x P

**- Ibid, Table 160, no.5, p-223

cCs p x
0

d x =
q + X2 7-

"t~~L I CnJpe

Hence

r~i

CA+
1+ u(J2 -



Hence:

in I Y I = -
1+ t 2 2

in (1 + A)

= 2 in 1
l+ W

and

yj = 1
(i+ ) /

which we know is the magnitude of the admittance of the

circuit under -consideration.

7. As an illustration of equation (14), we take

the same circuit:

P= 1 Q= - O

1 + w3

By equation (14), we should have:

W = tan x

Lo d x

d w = seC 2 x d x

d dto
(1+ w783

- Cos' x sec x d x=

Cos2 x d x =

Foot note continued from previous page:

*** Ibid, Table 261, no. 1, p.383:

ePX sin q x d x=
pz + qz

Let:

Then:

23

do
(1+ )



(1+ -C
tan2 x cos4 x secs x d x

sin2 x d x =
2

1.

which satisfy equation (14).

and:
00

24



CHAPTER III

Expansion of the Transfer Admittance Function in Terms

of the Fourier Transforms of Lapuer'ets Functions.

a. Basic Idea

In the usual electrical network problem, the net-

work is given, and it is a matter of roatine to find the

admittance function (or impedance function). The ad-'

mittance function may be either a driving point ad-

mittance or a transfer admittance. The processes for the

evaluation of the admittance function are very familiar

to us, and are exceedingly important in circuit analysis.

But problems often arise where the exact reverse of the

usual procedure is necessary. Such problems would be:

Given a desired admittance function required to find the

network which behaves accordingly. Examples of this

type of problems are the design of the wave filter,

balancing network, phase correction network, artificial

line, and transmission networks in general. The im-

portance of these problems is well recognized by the

25



electrical communication engineer. The synthesis of the

electric network is indeed a tremendous and interesting

problem.

One method of direct attack is obvious- from the

fact that a function can be expanded into a series. Our

problem is solved if each term of the series corresponds

to a physically realizable network both in value and in

sign, for then the desired network is the combination of

a series of networks whose impedances or admittances

correspond to the terms into which the required function

is expanded. At present, generally we are limited to the

use of position resistances, inductances, and capacitances.

With these three network elements, and their combinations,

we are usually unable to interpret the terms of a series.

Thus we do not know any circuit element or combination or

circuit elements whose impedance varies as the square of the

frequency or any power higher than the first, or one that

varies as the frequency to a power lower than minus one,

or one that varies as the sine of the frequency, and so on.

In this chapter we shall consider a method of

synthesis which is based on the expansion of the

26
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admittance function into a series which corresponds to

a set of construotable networks.

b. Development of the expansion.

An expansion of the form
00

n=o

is a special Laguerte's series where f (x) is defined for

x t o, and

d~_XLn~x ex (n e

which are called Lagueri*e s Polynomials

The sign of equivalence ( ) indicates that the coefficients

are obtained from the relation

an.= e Ln (t) f(t) dt 2-(17)

The polynomials Ln(x) have the following properties of

orthogonality.

1.' inar Hille, on Laguerre s Series, Proceedings of the

National Academy of Sciences, vol.12, No.4, pp. 261-289,

April, 1928; vol. 12, No. 5, pp. 348-352 May, 1926.



00
-t

e L (t) L(t)dt

0

With the transformations

Ln (x) = - hn (x)
and - x I

f(x) =.e g (x)

equation (15) beomges

g (x) an h (W)
nl-_-

if m *

1 if m =

Similarly, equation (16) becomes

xndx

(17) becomes'

ha (t) g

and (18) becomes

hm(t) hn

~~~'1~
K'" ~
71

'-5

(t) dt

(t) d t =
0f'f m- n

1h m= n

Let ' T (u) = Fourier transform of g (x)

C(u)= 11 S s Of an W(x)

Taking the Fourier transform of (20) we get

F (U) an G (u)
n = o

n

n
(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

0
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By the Parseval Theorem'for Fourier transforms, (21)

becomes

an F(u) In (u) d u (26)

*Vhere I n (u) is the conjugate complex of Gn (W1)

Substituting this in (25), we obtain
00f 00

F (U) = Z n (u) F (u) '6n (u) d u (27)
n=o-

If u stands for angular velocity w , and F is an

admittance function, (27) _i be written as

Y (o) Gn (3) Y () n ()d (28)
n=o -

This is the equation upon which our method of synthesis

is based. It indicates that if Gn ( o ) represent a set

of constiaotable networks, the desired network whose fre-

quency characteristic is Y (W') will then be a combination

of Gn (b) whose coefficients are determined by the inte-

gral. The method of combination is assumed to be in

agreement with the signs of the terms of the series. In

equation (28) the admittance function Y (u3) is used be-

cause, as will be shown in the next chapter, Gn (w ) re-

1. See for example, V.Bush, Operational Circuit Anal sis,
John Wiley.and Sons, 1929, . 373. Briefly, '% a (u is
the Fourier transform of f x), and b (u) the Fvurier
transform of g (x), then

f (x) ' (x) d x = a (u) 1S (u) d u
~~ - 6
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present# the transfer admittances of a series of con-

structable networks, and the signs of the series (28)

can be realized by a certain method of comeotions.

Equation (28) can, of course, be written to represent

an impedance function. It would be another very im-'

portant application of this equation if we can work

with impedances similar to what we have done with

transfer admittances.

We shall go into the physical interpretation of

equation (28) in the next chapter, and confine our

attention to some mathe-mate-ipal considerations here.

Let us now obtain the Fourier transformGn (G ), of

hn (x) x n
e 2n 6( see (21)

)x-
G (w) = ,. .4hnx) ad

1:2 T Ij.I d d x"S )
0mA aaea

-----------------------

- I
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Integrating by parts,

(I- u)x n-l \

G A2 d (x)
(1

( jw ) x (xne n -x00 d x
J

The first term on the right contains terms of the form

n1 2 -Tr e j w)x m 1, 2, 3,a------n

which is zero when x = o, and when x = o , its limit is

also zero.

The n-th integration gives

Gn Z )
ni .- 0

1

-I---

xn e 2 d

00

0

Integrating by parts again,

n
Gn

ni

.)n

..2

0 0
JL n ni -0 (6 + W' X

- e2~dx
Q(+ j.)n

2 0

1G.( ) = (n1)n (
2jw)n+

(j ~n

IjL )1n+1
(29)

H7 - /2 *w

dx

( ).n - n
OO +



In order to have a control in the sizes of the circuit

elements, and the rapidity of convergence of the series,

we shall change the scale of our expansion, that is,

instead of the expansion

g(x) an L (x) e , see (20)
n=0

re shall change it to

g (x)= an. L ( x) e 2 (30)

n=o.

where k, is any positive constant

Reference to the preceeding section shows that

Gn (w) becomeO

Gn (C ,">) (31

and (28) takes its more general form

Y( = Gn (k3.) Y (w) Un (k,)%) d (32)
n- o .oo

Simplifying these expressions by the substitutions

andt. 2k= k, we have

__+' I' JJ) +lW k)n ()



-0

n=o

Or Y(w)an Gn (k,-) (35)
n=o

where an Y (k ) n() dx . (38)

C.
3s. General considerations

Since a Fourier transform is quadratically summable, the

expansion hoids for ;adratioally summable functions. By

this we mean that

( ) ) dw exists.

Naturally Y (m) vanishes at infinity. This is obly a very

crude statement. To be precise, we need a good deal more re-

finement and tigor, but for engineering purposes, this seems

to be sufficient.

The fact that equation (35) holds for qnadratically summable

functions does not in any way imply that our method of synthesis

is limited to such functions. In fact, as will be shown in

Chapter V, we have here a most general sort of method that

can be used to attack almost any four terminal network de-

sign problem in a most powerful manner.

The factor k enables us to obtain the most

rapidly convergent series for a particular problem. Equation
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(30) can be used to represent the indigal admittance of

a network and so

g(t) = an, Ln (kt) e 2 (37)

n=o

Suppose we have the indical admittance given and we wish

to find the network. In this case the factor ki for a

most rapidly convergent series is the one that makes the

given function behaves nearest to e at infinity.

This is clear from the above equation. The transition

from the indicial admittance to the admittance function

is treated inOperational Calculus. From this we can pro-

ceed to construct the network,

. When the admittance function is given, the choice of

k3, is harder than that of the first case. Generally, we

can say that the best k& is the one that makes the poles

of the given function come closest to those of the

approximating functions Gn ('o)

.In both case, the question of the sizes of the circuit
LI-

elements is a large engineering factor, and this involes

the constant ks, so that a compromise must be made between

the convergence of the series and the sizes of circuit

elements.
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d. Evaluation of Coefficients

Consider the coefficients

See (36)50a

Separating

Gn1 (-~ + 1 , See (33)

into its real and imaginary parts,

Gn cop os(2 n+1)

sin 1(2n+1)

ta 4
tan X I +4

-1
tan

Letting

Y (k ) I= (k + j N (k)

<n ) Pn ( J Qn 3

M* (k X) =real part of Y (k

Pn()= Real part of n (X) ,Cos

N (k ) = imaginary part of Y (k

Q -( X ) = I'

(38)

( +1 l(2~l)tan A]

(3~)

2

n N

sin 132n+l) tan A)]

Y (k X ) lZn ( X ) d X



-fe have

Sc
0 Do

n Y (k ) d =Pn (M (k dA + )N (k dA

The integrals

Pn ))d and (k X) d
-00

vanish, since Pn (>A) and M (k- \) are even functions, and

Qn ( ') and N (k X) are odd functions.

Abbreviating equation (40) by the substitutions
00

4and
cn = Mn () N (k x) d x ,e

On = fQn (>)N (k' x) d ,we have,

an = bn + 0 0

Substituting the valles for Fn ( > ) and Qn ( A)

bn= (_-1)n

On =f(.m)n

in bn, and

Co 2 ) tan A kA)dA

sin (2n+1 tan I N (k ) dYA
(1+

(43)

(44)

These can be very much simplified by the transformation

N= tan 0 * With this,

Ii

(41)

(42)

(40)j

-a



bj 7k (m0n tos (2n+1) O M (k tan e) d (1TCos .

+ 2(a~ os 2 m e X (k tan . ) d Q

since1

C00 (2 n+l) 0 n a +
000o' m:_O

2 (-4)" 00S 2 m 01

which can be varified by changing cos (2n+) 0 and oos 0

into exponential forms and performing the-division.

In like manner,
It
2

On = (- 4 )nf

tan S +

si (2n+1)- 1 N (k tan 0) d G008 a

2(4l)m sin 2 m 0 N (k tan 0) d 'G
m=o

since,.

-ginn lf (..i n tan e + 2(-1 )m sin 2 m ecos 9OI =

(47)

(48)

Writing out a few terms of bn, we have

bo= / ( M(k tan 6 ) d 0

(48)

(45)



b, 2 Cos 20 M (k tan ) d O

b- 2 M (k tan e) cos 2,4 d e

/a 1-2 cos 2 0 + 2 cos 4 ] M (k tan 4) d 4

Sb 1 + 2 M (k tan ) cos 4 0 d Q

be X 1-2 coo 2 4 + 2 cos 4 0 - 2 cos 6 0 M (ktan 0) d

b a-, 2 M (k tan 0) cos 6 d (9)

and so on.

The first few terms of on are;

TIL N (k tan0 ) tan 4 dOG

O0& /ij/tanG -2 sn 2JN (k tan0) d 4

-CO 2 Fi x (k t an 4) sin 2 0 d .

02 Fi tan 0 2 sin 2 e.+ 2 sin 0 4 6] N (ktanG) d 0
r

= +2a

rnom/ N (k tan G) sin24O0d 0

02i~~~5ne22Q 2 4 ]Nk n)
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IL

on =/ 2tan O2sin 2 + 2 sin 4 2 sin 6

N (k1tan 4) d e

ca 2 N (k tan 6)sin 6 0 d 4 (50)

and so on.

We have seen. in the preceeding chapter that

(P ) P8 (cu dw=u (wi aL) du

(equation 13) which is the Parseval Theorem for conjugate

functions. Applying this to our case, we obtain
bn On (51)

and the coefficients of the series (35) are

a = 2 bn =.2 on (52)

which simplifies our problem tremendously since bn in-
volvep. the real part of the required admittance function

alone and on likewise involves the pure imaginary pgrt of

the funotion alone. The coefficients of the series are
then completely determined by either the real part oa the

imaginary part of the required admittance function.

In the preoe#ding chapter, we have discussed the
inter/relations of the four valVes of the admittance

function, namely, the real part, the imaginary part, the

magnitude, and the phase. If any one of the four valtes is



given, the other three can be determined by means of the

Hilbert transforms, provided the conditions for the

validity of the transforms are satisfied. Therefore, given

any one of the foar vales, we can proceed to evaluate the

coefficients of the series and construct the network. Of

course, the problem is much simpler when either the real

part or the imaginary part is known than when either the

magnitude or the phase is known. However, to obtain either

the real part or the imaginary part from either the magnitude

or the phase involves no particular difficulty now that we

have available an optical means to handle the conjugate

integrals.

It is to be noted that the determination of the

coefficients an of the series

Y( )=. 7Z an Gn (ko) See (35)
n=o

is extremely simple graphically because the process is

simply harmonio.analysis. The function being analyzed is

plotted on paper with a tangent scale on the abscissa. The

period is . Examples of this are in Fig. on P.%. The2
first integration can be done by a planimeter. For n terms

of the series (35), only n integrations are necessary.

am -----a----------------------a---------

1. See Chapter II section g.
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Of coirse the coefficients bn can be evaluated from the

integrals.

P n (N) (kN) dx and Qn (;) N (kX) dN

- see (40)

directly without any change of variables by means of the

integraph. The first nine terms of Pn and Qn have been

calculated and. plotted. But this sort of integration is

much harder to handle than the simple harmonic analysis.

One distiftot disadvantage is that the limits are (-hooo)

which make$ the process difficult for functions converging

slowly.
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CHAPTER IV

Fundamental Networks

a. Lattice jye network terminated an inductance.

Having expanded the admittance function in terms of the

Fourier Transformsof Lagueri'Ws functionsGn (w), our

immediate problem is to give Gn (w) a physical interpretation.

The problem is to find a set of fundamenta)hetworks whose trans-

fer admittances " of the form

Gn (k) W - See (33)

or, for the sake of convenience,

Gn (16 = (j .)n

when k 1 . As a matter of fact, our specification for a

transfer admittance function is made here after having known

the result.

* The first nine terms of thW functionshave been calculated
and plotted. See Appendix d.



Consider one section of a lattice type network such

as shown.

I.
This is the same as the network '

e

go, stands for the transfer impedance at the end of the

first section as shown. If 600 is the impedance looking

into the net from e f with the distant .o open, and 6sc

the impedance looking into the net with the same S1

shorted, then by the usual method of evaluating impedances,

60 =]60 GeeI==/'S G
We are interested in the transfer impedance Go The

determinant for the circuit is



I

,a 11~4 V /A

Gaa

D= Eba

aca

Bab 6 ac

Ebb Gbo

ECb 'Gc

G+6a ia~ - 6:--G

+62+I;4J 11/ a

-3i 1s '0+6=+

ii6i;-

%ultiplying o' we have

D=[41 +62+ G (E +62 + 1  2 -G& 2 -9 js2 Ail I

+ 451 04+62 +9 62)]

44 61 A5792 + 492 (81-+-0 + i.zza a )I

which can be readily simplified to

D = 2 / F&5a (5+5) (e7+ =IT)

The minor M ab is

1 ab =ba
Boa Goo =60. /6. '92+ g2

(47 3 + 452) (91 + GO)

Hence'4y

D.b-... = /i + a) (6 1 + -A.) 2 +B a b = M a b "2 r+7) 6 a )- ( / l a + .a

04-1+02 + ~ 62)



Similarly,

Mao -- a b - . (" ..

coa obh

2

gao D -- = -2' ~ (IC +!)
So ao

0 Sab Sao 2 9=9 (/AT + X7 + =9 )

Let us Anow take two sections.

The current i, is

60, 2 /41 -+ ~

and the voltage e3 at &'As indicated is

2 (//2 (i+ /S11)

The current 1a at the end of the second section is

.... I E 2__- _ 2
* /S.162 (U92 + ADi) 2~76'.-a ./S;+2



Therefore, '10, the transfer impedance at the end of the
sgC4:or

second is

It is clear now that -on, the transfer impedance at the

n4th section is .. 1

G =2 (53)on =453.a2

This is almost the thing we are after. We need to make the

power of the denominator one unit higher than that of the

numerator. For this purpose, we use Thevenin's Theorem I

which states that

If 4j and 5k are the impedances looking into networks J and

K respectively, and ap is the voltage across p with K de";

tached, then Ii, the current in the connection, is given by

ip = .(54)

1. I. L. Thevenin, Sur un Nouveau Theoreme dIElectricite
Dynaniqu6, comptes Rendus, 97, 1883, p. 159.

-I.
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If J is our lattice network, then

n

Gon 2/3,6 /9

and
n

and

ip
2 313 S

ori

GOP = 2 J~~ + 9k
n

/263

(55)

If Ga =JwL , and54= jCo

+ k
cn

op oo

8 0 1 +

ilak ing4 Gk L and

1 + -24

F~ro 'this reduces

n+l
( 3  + )

Q JL n

to

(56)



Or, if Yon is the transfer admittance at the terminal

inductance K with n-sections ; of the lattice network

in J,

nYn = 1=l1 (
YOU (j+ (57)

which is the type of network characteristic we are after.

-These networks axe shown in Fig. 5. Of course we can

modify this to agree with the general expression.

-)n
k 

(k )=+ (33)

Suppose we put 4= j L anda= 42 instead of the

reverse which we have just done, we can easily show that

n

on L +C ) (58)

2

Figure 6 shows the networks of this type

b. Lattice type network terminated ba capacitance

Suppose now we add to the lattice network a capacitance

instead of an inductance. Using equation (55) we have,

with 41 k = -
Jk20 ,
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/i + n+1
as O 1 L

'o.
+

erC

Since LO 4,

- jn+1
L >+ )aop 2) (59)

3,

The voltage e across the condenser isep

_ Jw (j1 iw +
L 1 =CL

2jw0 2

The current iR through the resistance is

iR el (je -2)
0T~ L(jw +J U+1

in

1 2

Iherefore,



I n
Y =on off) '(60)2Ln+

/)hich is the transfer admittance in the resistance which ter-

minates n sections of lattice network, and which is shunted

by a condenser. Notice that this transfer admittance is

identical in form with Gn (w)

Thus we have seen that we can obtain Gn (w) by

shunting the last section of the lattice network with

either an inductance or a capacitance. The transfer ad-

mittance functions Gn (() of these two cases are not

found in the corresponding branches of the networks however.

Remember that the factor in V3on which makes LO - 4 can

be changed to any number k. We have discussed this before.



CHAPTER V

Methods *of Connections

In the foregoing chapter, we have seen that we have

at hand a set of fundamental networks correspoliding to

the Fourier transforms of Laguerrefs functions into,.which

the transfer admittance function is expanded. Our next

problem is to put these networks together precisely 1W

the way we combine the terms of expansion. In this

chapter, we shall also give a method for designing a

network to work into a terminal network. Finally we shall

discuss the synthesis of networks whose admittance functions

are not quadiatically summable.

a. Method o connection to obtain a short circuit transfer

admittance.

We have noticed that our fundamental networks are

symmettical. We have a common generator so that the net--

works can be paralle duat the generator end. The mid -

points of the distant ends of all the networks of the set

always have the same voltage both in magnitude and in

phase regardless of the frequency. This is evident from

the symmetry of the networks. Therefore, these points

can be connected together without any disturbance among

them. This 4 shown in Figure 8.
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Since these networks are'connected in parallel, the

currents in the short circuit is the algebraic sum of

the cirrents from the nets. In the figure we have a

current in the short circuit equal to

iO il + 12

Notice the way the-second net is connected to the

"short".

b. Introduction of A load in the short-circuit.

We have now a way to dasign a short circuit transfer

admittance. But for practical purposes we need to insert

a load in the short circuit. To achieve this, we shall

need the following circuit theorem.

Consider the network JS

o oM

The figure 1 indicates the first meshads n the nth mesh.

The trsfer admittance Yin is

Si nMi
n D =

9%2Gi Gzaa Gin

21 412 2 - 'an

ft 11 4n5 2 i - nn
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Now if we open the short circuit and insert a network

ks (see J'ig.lO), the new transfer admittance in the

n-th mesi will be

Y13.n in

- 52,3 52,3 S2, - 4 2 f
1621 'S2. 9aa - - n

4n& 6na 4no (GAnu+ 1 )

Jhere Y is the driving point admittance looking into 10.

T "( K

F.1

Expanding the determinant, we get

in [n. ,  + 111 Mna + ins In.+ - +(inn+)Mnj = Min

Taking the teim containing Y out, the expression in the large

brackets changes back to the determinant D, and so,

Yin (Dt =Min

or 
Min

y. Y D Y Y in (61)
e m y _nn Y+ynn

We may state the theorem as follows$ If a dr;iving point



admittance Y be inberted into any mesh of a network, the

resulting transfer admittance of that mesh at the point

where the insertion is made, is equal to the product of

the driving point admittance Y and the transfer

admittance at that point before the alteration, divided

by the sum of Y and the driving point admittance of the

same mesh before the alteration.

Note that if the added admittance Y is a constant

times Ynn, tlaen the new transfer admittance Yin differs

from the original Yin only by a constant factor, that ie,

if Y =a Ynn, then

Let us put this theorem in terms of impedances. Suppose

Yin' nn nn

and Zin = y , then (61) becomes
in

in

**nn

and

Sn(61)

Al
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Theref6re the Theorem stated in terms of impedances is:

If a driving point impedance 4 be insetted into any mesh

of a network, the resulting transfer impedance of that

mesh at the point where the insertion is made, is equal

to the product of the transfer impedance of that mesh

before the change and one plus the ratio of 4 to the

driving point impedance of the same mesh prior to the

change.

Reference to equation (61) shows that if 9 is a

constant times nn 4 n differs from the original n

by a constant factor.

As an example, let- us take the following circuit,

D R RR2 + jaL (R,+R a )
-R2 Ru+j W L

R R1+R,
RzRa+IR aL(Ra+Ra) RIR2+jWL(RI+R,2)

If now we insert a cbrtain admittance Y in rnesh-2 as shown,
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i L,

we have by our theorem,

1Y1

Y_ Y Y Y R2
aa Y + Ytaa R&Ratjw L(R&+a Y + R1,R2''

R&R,?+j w L (R3.+Rj)

Y R2
(R,+Ra)+RzR2yITj LY (R1+Rj)

Getting the result byrdeterininants,

lz R2 (TlR+~~
11+R2 -R (R+R2)(+R2+jtkL)-R8

-R2  R8+j W

Y R2
(RL+R2)+RlR2Y +ja wLY (R.+R2)

which agreds with the previous answer.

It seems that if we apply this theorem to our problem

of introducing a load in the short circuit which has a

designable transfer admittance, we encounter two unknown

quantities Y'n and Ynn* We have the desired function Y.
knOw.-the load Y, and wish to find Y from these so that

we can proceed with the design, but the theorem requires

another factor Ynn which dependsI on Y. However we know

that looking from the short circuited end, all of the

fundamental networks have driving point admittanoes Yn

of the form
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a'' +3u(A)L)
L

where a is a constant. Therefore if we make the load Y

of the same form, Yn will be a constant times Y, and from

our theorem, Y will be of the same form as Yjn. Fori.n
example, if we terminate the network into an admittance Y

equal to Ynn, then

Therefore we can load the network as shown in Figure 13,

Ihe resistances of the networks at the generator end haye

common points so that these can be located and combined

to make up the generator resistance. Or, we can insert

a load in the generator in the. same manner just described.

c. Methods of analyzing a problem.

It is not necessary that we treat a given transfer

admittance as a whole. We can divide the function into parts

whose al;ebraic sum is the given function. Treat each

pqrt separately and then put them together in the way

discussed in section (a) of this chapter. In this way

we may have a resulting network which is much simp1i'er

than the one we would have if the function were treated as

a whole. Also, we can divide the function into such

portions that some of them can be approximated by simple
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networks whose characteristics we already know. In

Chapter III section 0, it is mentioned that although the

expansion upon which our scheme is based holds for only

quadratically suimmable. functions, that is, roughly

speaking functions that vanish at infinity, we can still

handle such functions. It is clear from the above

discussion that we can divide these functions into such

parts that those that do not vanish at infinity can be

handled by known networks and the remainder can be treated

by the expansion. Thus, as a very simple illustration,

a function that approaches a constant for large values

of frequency can be divided into a constant I5lus a

function that vanishes at infinity. The constant corres'

ponds to a resistance.
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CHAPTER VI

Application of the Theory to Specific Problems

In this chapter we shall work out two problems

completely to show the precedure of our method of synthesis,

and the way the required function is approximated. In the

first case, the real part of an admittance is given, and in

the second, the imaginary part. In both cases the functions

are so chosen that their conjugates can be evaluated by means

of the conjugate integrals so that the results may be checked.

a. Problem I. Design a net work whose transfer admittance

at a certain point has its real part equal to e

Our expansion formula is

Y ('.') = Z an QA (kct) See (35)
n=o

Gn (k,w ) correspond to our fundamental networks discussed in

Chapter IV.

It -.is shown in section (d) Chapter III that the

coefficients an are completely determined by either the real

part or the imaginary part of the admittance function, that is

a. = 2bn =2on. See (52)

In the present case, we proceed to evaluate bn. Letting k = 1,

we have from (49), co
A= - +

b0 = Q'_& 4=d4 e MX 2 dx
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We can evaluate this by means of the Parseval Theorem for

Fourier transforms'. Consider the integral

e
I~p 2

dx
l+x-

-. px2

The Fourier transform of e is

e e dx= e
4577 .

*

cos u x d x

=-1.

The Fotrier transform of ---- is
-Jul ,o 1+

1 e dx 1 cos u x d x
1+x+

Theref.clxI

**

e

-U
dx e 1

___ e

4 2

4p

S--(U+2pl"
e, e 4p du

0

du.

Hencey

bo= e e 4 du =.e e dym-e 2dy

*Bierens de Haan,*Nouvelles Tables DIInt6rgrades DeIfinies,
Table 269,No.3, p. 394.

e cos ( p (x+x)) dx e, 49S PX

** IbidTable 223. cos p x , 2r e
, 

~ T ab l e 1 6 -O 5 p crv2 2 q

Theref

e

)re.
00

Jz~ 2p

du = -
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which can be readily evaluated.

bo = 2e ( - 0.746.8 ) =
2

To evaluate the succeeding coefficients, we use the-

identity

e-tan Cos m0 d m'Binta49

I

2
m

a

tane seca 9 sin m 0 e
-tan a

which is obtained by integrating by parts.

When m = 2,

-ta2a
e cos 2 0 d 4=2 an atan e -an dG =

2 de-xdx
1+XZ

2 e
-00

dx -2 +x
-+s2

2 Or - 1.3433) = 0.8584

When m 4,

--tana0
e

2
a -tanGcos 4 0 d= tanseo sin 4 0 e de

Ki
)2.

143433
/F
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S

The first integral on the right side without the factor

4 is

s in e
4G

tan e 2 dx
(1+x )4

As before, this can be evaluated by Parsewal's Theorem

for Fourier transforms. The Fourier transform of
.X.a 1U
e is. as shown before e V . The Fourier

-u~~~~ a~---

transform of is
(1+XiI

1 (
2W

=008 csud
_2 e______ (l-uu d 3COe"

(1+e)2 +e

Therefore

e+x (1 1 ul) e e du

e diidu

* Ibid. Table 170, No. 8, p. 248;

a' os
CO

2x

p +x (? =. q7q I~q 1pq



The first integral on the right has already been evaluated.

DO ( m,)0

(tie =e ue7-%4due(
0

x e dx -2 e

= e- S 00

0 ma- er:i2- 2 e

a

(x-2) e4 dx

(Let u + 2 = x)

e dx

Co.31
2

.dx2

e ,1 x= 2 mae
DO IX

ETdx
2a - x

So,

1xedx
(1+Xl

e e

2

3
.2~ 1j

du + 2e e dx-

e 4 d 2

1.3433 1m's 0*242.5
/ 2.Lvr_

008 40 d 0 = 4 (0.2425)- 0.858,4 = 0.111,6

0

=e

a

21

and,



When m = 6,

-4ah aoos d 4= -6 tan 0 seo 4sin

=432co sin - 32 oo 9 sin 0 +

siA o cog 0 e d6

*2 atan 0 e -tan a

-taf0
66 e dG

6 cos 0 sin 01

tan 40
SiJi 0 eta d Q

d 0

a a -tan
sin 4 cos -.4 e

tan 4 sec 4 sin
16

e
IT

*1* a
O tanO6 sec

a
atan

d 41; = 6 sin 49-6) e

T a
taA 6

4 0 e d 4 + Q- tan 4

-tan 0
d O

tan- tanO I
e - -2

a
abtan 09

d 4

Insedrting this in the preoegding equation

a a
sin 40 Oos 0

2
-,"tan 0
e

a
b anE6

:I a

d= -16 tan 0 sec 4 sil 40

5-a
1 a-tan 0

d4+ e dO

e

[sin 60)

a
0

sea

-
2a



63

Collecting the various terms, we have

-ean 0
e

Aa
4 --'Atan 9

oos 6 d 0 e d e-

tan G
t

-tanG
e

a
sec 9 sin 4 e e

32
d e 3',

ir

3Z

tanG d 4

s -tan
Bin 6e-- d.

All of the terms have been calculated so that

2
-tan e

Cos6 d Q= (1.3433) 2 (0.111,6) +

2 (0.429,2)

- 3_(0.242,5) = 0.0859
3.

Reference to equations (49) shows that

S = 2 (1.3433) = +0.854

2 bl = [*3433;- 2(0.8584) 1 - 0.238,8 9
F i

2 b2  2 (0.8584) + 2(0.11,6) " =

2
2 b3 =13433-2(0.8584) --2(0.111,6)+2(0.0859)3 =

0.01369 r

IT

+ 2
a

tan e

2

e



Our result is, referring to equations (33) and (35),

______(jco4i) '(Jct-1m)
2

Y (W) = 0.854 (j3 +) 0.238,8 (0 ) 0.0956 (j+1)

+ 0.01369 ** * * (i)

This equation is plotted and .Fil, to P.3show how the real

part of the desired function is approximated. Cts 4)

For the purpose of checking our result, we shall calculate

the corresponding imaginary part of the given function by

means of the conjugate integrals. We have given, P (u')
eu4

= 0 .' Equation (4) gives

Q(U3 )u sinud u P (t) cos u t d t

- sin u, d u e coo u t d t

0 co'td

p

00 i

4 sin uw'd U= 2 /F
fi 0 ODaa L~ 2  4(U2)3-

( U--- j W -(U+2 ju )
e du

P

Let x=u-2 J ; y=u+ 2 j

* See foot note of page (4.
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4o
. ,X2

4 dx + e y

-a j3o

WL.2  23w j
e e 4

23. -2 2JW

a>

-2 W

v 
2

e B

The integral e .~T dv

du

d y e e 4dv mp rOI dv

0

can be developed into a

series by integrating by parts. In so doing, we obtain

+ - w7 + .c U
60 840 15,120 332,640

3. g5 17
+ Cu+

8,648,640 259,459,200 821,612,800
39

335,221,286,400

This series is good up to .o equaB to about 2. We

need to develop another series for calculating the values

of Q (coi) for large values of the argument.

Integrating by parts, a 4 5

u., ) =.2, + + 2 3 + 2 3.5 + 2 .3.5.7+..

which converges rapidly for larger values of <.

From these two series, Q (ce) has been calculated and

e
Q d) 2j r e

_ ajw



d. id

plotted. Figures*"NPito f-%\ show how the expansion (1)

approximate the imaginary part of the given function. (1be;APPc&1)

In this particular problem the coniergence is very

rapid. Only three terms of the series are necessary to

represent the desired fuontion almost exactly,

b. Problem II. Design a network whose transfer ad-

mittance at a certain point has its imaginary part

equal to -

Again, the expansion formula is

an Gn (k,3 ) See (35)

We have the imaginary part given, so that

an=2 c.

Referring to equations (50), and assuming k = 1, we have

the first coefficient,

tan 0 O a -*a
00 tan 0 e d x = xe dx= 0.429,2

l+xa
-, -

(from the early part of problem I)

For calculating the succeeding integrals, we shall use

the identityt

-tan -tan 0
tan e e sin m d = - tan e Cos m

I )m

n=o

2



2 ~ 2 Isa
- tan O'see c cos m-0 e

- 1( i w

which is obtained from integrating by parts.

When m = 2,

-tan 0
tan 4 e

2
sin 2 d = - tan 4s9 6o

- -tan G

2 2
sec 0 oos 2 G

2

5 2 4
tan

2..

a -

a-tan
2a

O6s

a
'-tan 0

a,tar 0
e

Cos 2 6 A

d 4)e

d 0

Notes cos

+ tan Q e

d .. tan
2 T

11*

a a
20 = cos 0.-sin 0]

'2'-tan 0
d O

2
'-tan e
e, dO

d = x e d x =Xa e dx- Xa2e dx
d+xO 1+X

- a 0.429,2 = +0.45,0
2

73

-tan 0
dj

'-tan 0
r;) D~V V I.J~JD m ~

-~Yr
a

d O



Hence,
2

O-tan.0
tan -.6 sin 2 0 d 0 = - 0.429,2 + 0.457,0 -

(1.343,3)4-(0.429,2)
2

= +0.484,9

When m =4,

-tan 
tan 6 e

1
sin,.4 49 d 0 off

() 2 2
tan 0 sec 0 cos 4)0 x

A ( -tan 0
e d O

1 a

+ -g sec oos

a -tan 49
-4 sin G e d Q

+ 2
a

oos 0 e

a
-*tan 0

2
-;tan 0

4 0 e d 0
r. 2

[os 46 =8 cosg4 - 8 0os6+11
2

a
+ 4 tan G e

-tan 0
d 0 - A x

an 0 seo 0 e

dO - e d 0 + -se

- tan 0

=- i-ntan d-
- sin 0 e d

a -tflo
0 + 4 tan 0 e

- 6 \o.42,51 + 4 0.429,2 = + 0.261,8

The first integral on the right can be found in the corres-

ponIpendng a,4 of Problem'I.
- - -~w a" o =*- moo*mmmmmmmmmm mmm mmmmmmmmmm mmm mmmmmmmmmmmmmmmmmm mmmmm mmmmmmmmmmmmm

When m = S,

71

d 4
-tan 2 0

o 0 e dO

d 0



-tan G
tan G e sin 6 0 d0 = -4 tan 0 see 4 008 6 40

-tan 0

2
' -tan G+1 -0 Coo 6 0 e

6

e d 0

d 0

3 04
[Cos 6 = 32 cos'e 48 oos 0 + 18 coo G-1)

2
32-. 2 a -tan 4=- - sin oo 4e d

2 w a tan 0
+ tan. 4 seo e d

-tan 0
+3 d

a-68 tan 6e

d 0- seo 9 e'6j

aa 2
3 sin 0 'Cos 9

-tan 0

wtan 0
e

a --tanG
dG+ 16 sin ) e d O

(a -tan G
'6 )tan 49 e d e

16' 4 tan e a
* + -c os G e d e-8 Cos O'

-tan 0
a

-tan 0
e d O

d O

d e + 24 sin G

-'tan 
4)

d e- 5 e

2
-tan 6

e d G
2

Ztan 0
d e + os e 6 d 0

From the corresponding section of Problem I,

a a -tan 0
sin 0 00 0 ec d 0 = r 6 (0.111,6) 2+1 (1.343,3)

8
0.153*96*

The rest of the integrals in the preoefding equationf have

been evaluated in Problem I except the integral



2
j -tan 0
G e d Q. To integrate this, we use

Parseval1 s Theorem for Fourier transforms again.

4 -tan 0
cos e 8

eS1zdx
d 0 U (+X2~

The Fourier transform of 1 is

00

'cos u x d x (U
w ( a+ )- (38 /2);2r 8 /2 i

The Fourier transform of e

on several occasions, -L e
f2

(1+x

is, as we have already used

Therefore,

(3+ 3 i + 3 ) e '
0

) du

du
2 -( + )

(3+ 3u+u)e 4fT e0

0
Let x =u + 21

* Bieren de Haan s, Table 170, No. 9, p. 248;

cos p x d =+ sopq
- ~. (3 + 3 pq + p2 q)e

*

Cos
-'r/2



e e 4d x a

a a
x e ;d x +

- 2

x2 e dxl

Integrating the last term by parts,

C
a

e~~ -- dx =Tx 2 x. 2x 4e

and putting this in the preceiding equation

(+ x r
O*C* mX 'U 2 + 3e e

a

+ 3 (1.3433) = +0.946,85

The integral on the right is recognized as a multiple of the

first coefficient bo of Problem I.

Returning now to the original integral, we write

a
-tan .9

tan 6 e sin 6 0 d 4 Q- (0-153,96)+24 (0.242,5)

06 (0429,a)--s(l.343,3)+ lE (0 9 6, 50*6 __ j_ 0
OW-f O 04 -60 0 -e IM 00 .4, ) 0.04f0

OW -a

Reference to equations (50) shows that

W= 4 (0.429,2) = +0.484

&= 4 C .429,2-- 20.484,9)]= a 0.610

c8 2 (0.429,2 a 2(0.484,9)+2(0.26~,8 0.0192
c = (2(0.49,22- 2(0.484,9) -+ 2(0.261 ,B)+2(0.064,o)=+0*.1253

00

( mX 2 d.
2

-x

=

2

2

2
2

77
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The result is, referring to equations (33)and (35)

Y (w) = 0.484 1 - 0.610 J"l 0.0192 (
(Qj+) +1)+1ia

+ 0.1253 + -m -

This is plotted. Figures on V- ? to P. lI show how thee-

sired function is approximated by this series. ka,-'e Aenahx)

Let us find the real part of the given function.

Given: 0,<')= - ) rn aue . Putting this in

equation (3),

P (W>) = 7 cos u d u t e

00

am

sin u t d t

Integrating by parts,

1 d

Ya
0 S'0

e

2

u e
-u

7 cos u w d u

a 4

sin u t
-u t

cOoB U t d t

* See foot note of page 64.

+ ~ 2-X

" a'* am IM " me M 4M .0w M ~ -W =a am - = - - me -0

jw- 1)2 -J w +J)F



7j

Integrating by parts again,
m** 2

00
co ( 1 -2 0 ss Su e in u du.

P ( ) =1 - S)sin uu>d u
0

This is recognized as the same sort of integral we en-

countered in the first problem in the evaluation of the

imaginary part of the given function. Referring to this

we find

-o va,
P we e 4 d v

0

The series we developed for the integral in the first

problem can be used here. The above function has been
isplotted and Figures on v9.qz to b.'S show how this' approx-

imated by the expansion (II). (T ea)

The series of this problem, like that of the first

problem, is rapidly convergent. Only three terms are

used for a very close approximation. The third term$ is

excluded since it is very small.
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APPENDIX

a. Graphs of the first nine of the Fourier transforms of

Laguerre's functions with tables.

The tables are calculated from the formulas:

n( ) = (_1)n Cos \(2n + 1)tanl1 W1(1+ u)

Qn( 1) + a sin \(2n + 1)tan

Note that here the factor 1- is deleted from the de-

finitions given by equations (39) for the sake of con-

venience. The values from Table 1 and the graphs should

be divided by [i according to the definitions. The

constant factor k is taken as unity (see 33).
b. Tables for the problems of chapter VI p.a1

The values of P and Q are taken from Table 1.



TABLE 19

U) P0  Q

0 ti 0

0.20012 +0.9615 -0.1925
0.39997 +0.862 -0.345
0.60007 +0.735 -0.442
0.80020 +0.610 -0.488
1.00000 +0.500 -0.500
1.9999 +0.200 -0.400
3.0003 +0.1000 -0.300
4.0009 +0.0588 -0.2352
5.0045 +0.0384 -0.192
6.0080 +0.0270 -0.1619
6.9972 +0.0200 -0.1400
8.0095 +0.0154 -0.1229
9.0098 +0.0122 -0.1096

10.019 *0.0099 -0.0988
1.2497 g0.3906 -0.4875
1.5004 .+0.3076 -0.4615

10.988 *0.0082 -0.0902
11.992 t0.0069 -0.0829
12.996 +0.0059 -0.0765
14.008 +0.0051 -0.0710
14.990 +0.0044 -0.0664
15.969 +0.0039 -0.0624
16.999 +0.0034 -0.0585
17.980 +0.0031 -0.0554
18.976 +0.0028 -0.0526
19.970 +0.0025 -0.0499

0.10011 +0.990 -0.0991
0.30001 +0.918 -0.2754
0.50004 +0.800 -0.400

2.5002 +0.138 -0.345
3.4989 +0.0756 -0.2644



0.20012
0.39997
0.60007
0.80020
1.0000
1.9999
3.0003
4.0009
5.0045
6.0080
6.9972
8.0095
9.0098

10.019
0.10011
0.30001
0.50004
0.70021
0.90040
1.2002
1.4002
1.6003
1.8003

10.988
11.992
12.996
14.008
14.990
15.969
16.999
17.980
18.976
19.970

2.5002
3.4989
1.1003
1.3001
0.05007
1.5004
0.45012
0.55013
0.64982

-0.8135
-0.386
.0.0434
+0.3422
+0.500
t0.440
+0.260
+0.1625
t0.1094
+0.0780
+0.0585
+0.0451
*0.0359
+0.0292
-0.951
-0.615
-0.160
+0.2122
+0.4375
+0.557
4.0.5565
+0.527
+0.485

*0.0244
o.0205

+0.0175
+0.0151
+0.0132
40.0117
t0.0103
t0.0092
+0.0083
+0.0075

+0.338
*0.2036
+0.5385
+0.5625
-0.988
+0.544
-0.2712
-0.0543
+0.1320

w

0 -1

99

0

40.548
t-0.844
*0.857
to. 7 0 2

+0.500
-0.0799
-0.180
-0.180
-0.1626
-0.1445
-0.1288
-0.1153
-0.1043
-0.0950
+0.2936
+0.735
j-0.880
+0.791
+0.602
+0.314
40.166
+0.0554
-0.0241

-0.0872
-0.0805
-0.0747
-0.0696
-0.0653
-0.0614
-0.0578
-0.0547
-0.0520
-0.0494

-0.1545
-0. 1844
+0.4025
+0.2354
+0.1494
+0.1063
+0.871
+0.874
40.828
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p
3

W)

0.000

0.10011
0.20012
0.30001
0.39997
0.50084
0.60007
0.70021
0.80020
0.90040
1.0000
1.1003
1.2002
1.3001
1.4002
1.5004
1.6003
1.6999
1.8003
1.9007
1.9999
3.0003
4.0009
5.0045
6.0080
6.9972
8.0095
9.0098

10.019

0.15005
0.24995
0.34987
0.45012
0.55013
0.64982
0.74991
0.85006
0.95007

2.2496
2.5002

j.0.220 +0.2614
4-0.2556 -0.1014

Q
3

p
.3

-1.0

Q
3

0- .o

-0.762
-0.1835
jO. 434
t0.825'
+0.889
+0.687
+0.3462
-0.0091
-0.3028
-0.500
-0.605
-0.633-
-0.605
-0.5415
-0.4585
-0.368
-0.278
-0.1924
-0.1146
-0.0465
+0.2458
4-0.240
+0.1924
+0.1502
+0.1185
+0.0946
+0.0771
40.0637

-0.499
+0.1390
+0.6675
+0.8975
+0.814
+0.527
+0*1655
-0.166-
-0.413

4-0.0860
-+0.171

0

40.640
+0.963
+0.855
-0.427
-0.0930
-0.514
-0.742
-0.781
-0.680
-0.500

-0.2932
-0.0956
40.0747
+0.2106
+0.312
t0.3812
+0.4235
+.446
+0.451
J-0.445
t0.1993
i0.0347
-0.0371
-0.0664
-0.0772
-0.0799
-0.0789
-0.0762

0.0000

2.7500
3.4989

10.988
11.992
12.996
14.008
14.990
15.969
16.999
17.980'
18.976
19.970
0.05007
0.47483
1.1504
1.2497
3.2506
3.7495
4.4983
5.5026
0.22505
0.17513
0.27513
0.72521
0.77521
0.82483

+0.0538
+0.0457
40.0393
to.0341
p0.030
t0.0265
+0.0235
+0.0211
+0.0190
t0.0172
-0.9385
fO.9025
-0.627
-0.6248
+0.2556
j-0.2494
.0. 2168

o0.170
-0.0207
-0.3444-
-0.2928

+0*255
+-0.076
-0.0889

-0.0729
-0.0694
-0.0659
-0.625
-0.0594
-0.0566
-0.0537
-0.0514
-0.0491
-0.0470
+0.3428
t0.0347
-0. 1918
-0.0073
+0.1457
+0.0647
-0.0086
-0.0550
+0.9756
+0.923
+0.919
-0.768
-0.786
-0.766

+0.855
f0.960
40.6675
+0.1642
-0.324
-0.6525
-0.7825
-0.744
-0*596

1-0.3965
+0-330
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i03

P5  q.5 P5

0 -1 0 0 -1 0

0.02502 -0.962 *0.2717 3.4989 40.0218 40.274
0.05007 -0.852 10.523 4.0009 +0.1050 40.2186
0.07490 -0.678 f0.731 5.0045 +0.1619 40.1104
0.10011 -0.454 40.886 6.0080 4-0.1593 40.0396
0.12485 -0.2014 40.971 6.9972 +0.1415 -0.0013
0.15005 +0.0666 +0.987 8.0095 t0.1213 -0.0252
0.17513 +0.3252 +0.930 9.0098 t0.1034 -0.0383
0.20012 +0.555 t0.808 10.019 f0.0883 -0.0456
0.22505 f0.7385 .0.637 10.988 JO.0762 -0.0491
0.24995 t0.875 +0.420 11.992 +0.0659 -0.0507
0.27513 +0.947 t0.1805 12.996 f0.0574 -0.0509
0.0001 +0.956 -0.0618 14.008 +0.0503 -0.0504
0.32492 +0.9045 -0.2940 14.990 10.0446 -0.0495
0.34987 .0.800 -0.502 15.969 t0.0397 -0.0483
0.37488 +0.650 -0.674 16.999 10.0354 -0.0469
0.39997 40.4675 -0.8025 17.980 +0.0319 -0.0445
0.42516 +0.2634 -0.881 * 18.976 10.0288 -0.0440
0.45012 tO.0546 -0.910 19.970 40.0262 -0.0426
0.47483 -0.1476 -0.891 0.00989 -0.994 f0.1086
0.50004 -0.3384 -0.8275 0.03987 -0.9045 +0.424
0.55013 -0.640 -0.597 0.05999 -0.7895 +0.612
0.60007 -0.809 -0.2844 0.09013 -0.5475 t0.8315
0.64982 -0.837 tO.0466 0.11011 -0.3545 +0.9285
0.70021 -0.742 +0.3460 0.13995 -0.0409 +0.990
0.74991 -0.560 +0.5715 0.15988 +0.1701 10.9725
0.80020 -0.3258 +0.710 0.18986 40.465 +0.8655
0.85006 -0.0792 *0.7575 0.21013 +0.636 40.744
0.90040 tO.1547 f0.727 0.24008 *0.829 +0.508
0.95007 *0.3502 +0.635 .0.25986 +0.911 t0.3276
1.0000 40.500 +0.500 0.28990 t0.960 40.0363
1.1003 40.650 fO.1733 0.30987 .0.943 -0.1558
1.2002 +0.626 -0.1352 0.34010 +0.8465 -0.424
1.3001 +0.488 -0.3552 0.36002 +0.743 -0.577
1.4002 40.298 -0.498 0.38988 t0.544 -0.757
1.5004 +0.1013 -0.545 0.41013 *0.387 -0.841
1.6003 -0.0738 -0.525 0.44001 4O.1392 -0.904
1.6999 -0.2132 -0.460 0.45995 -0.0270 -0.9085
1.8003 -0.3152 -0.3694 0.48989 -0.264 -0.858
1.9007 -0.380 -0.2686 0.52501 -0.5035 -0.7275
1.9999 -0.4135 -0.1691 0.57503 -0.742 -0.448
2.2496 -0.4035 fO.0450 0.62487 -0.840 -0.1181
2.5002 -0.321 +0.1870 0.67493 -0.804 *0.2032
2.7500 -0.2188 40.2626 0.72521 -0.6595 +0.470
3.0003 -0.1224 +0.2916 0.77521 -0.4465 +0.652



w P5

0 -1 0

0.82483 -0.2038 +0.743
0.87492 fO.0396 +0.7515
0.92493 +0.2564 +0.688
0.97472 +0.430 t0.572
1.0501 40.600 40.341
1.1504 f0.656 4o.0115
1.2497 t0.568  -0.2606
1.3498 fO.3972 -0.443
1.4496 +0.200 -0.532
1.5497 +0.0110 -0.542
1.6501 -0.1482 -0.497
1.7496 -0.268 -0.417
1.8495 -0.351 -0.3206
1.9500 -0.400 -0.2186
2.0997 -0.423 -0.0756
4.4983 +0.1457 +0.161
5.5026 +0.1641 40.0708
3.2506 -0.0414 +0.291
3.7495 +0.0698 +0.248



105

6 p 6 6 6

tl 0 0 f1 0

0.02502 +0.948 -0.3195 3.4989 -0.1263 40.2440
0.05007 +0.795 -0.605 4.0009 -0.0103 40.2422
0.07490 +0.562 -0.823 5.0045 40.1070 *0.1643
0.10011 +0.2688 -0.958 6.0080 40.138 +0.0891
0.12485 -0.0436 -0.992 6.9972 40.1362 f0.0384
0.15005 -0.3534 -0.924 8.0095 .90.1238 10.0056
0.17513 -0.6215 -0.764 9.0098 40.1092 -0.0147
0.20012 -0.8235 -0.5325 10.019 .O0955 -0.0272
0.22505 -0.9415 --0.2546 10.988 o0.0838 -0.0345
0.24995 -0.969 10.0412 11.992 40.0734 -0.0391
0.27513 -0.906 +0.3296 12.996 +0.0645 -0.0416
0.30001 -0.765 .90.578 14.008 0.0569 -0.0427
0.32492 -0.559 40.769 14.990 t0.0507 -0.0432
0.34987 -0.3125 40.8915 15.969 +0.0454 -0.0430
0.37488 -0.0466 40.935 16.999 +0.0406 -0.0424
0.39997 +0.2152 .904 17.980 +00.0367 -0.0417
0.42516 40.4515 4.8015 18.976 +0.0333 -0.0408
0.45012 40.6455 40.645 19.970 +0.0303 -0.0398
0.47483 +0.784 +0.449 0.00989 4.0.992 -0.1282
0.50004 +0.865 +0.2258 0.03987 +0.868 -0.4945
0.55013 4-0.847 -0.221 0.05999 40.711- -0.7015
0.60007 +0.6315 -0.580 0.09013 40.390 -0.916
0.64982 +0.2978 -0.784 0.11011 40.1439 -0.984
0.70021 -0.0714 -0.816 0.13995 -0.2324 -0.9625
0.74991 -0.3914 -0.6975 0.15988 -0.465 -0.871
0.80020 -0.621 -0.473 0.18986 -0.750 -0.635
0.85006 -0.735 -0.2oo5 0.21013 -0.8815 -0.425
0.90040 -0.739 +0.0777 0.24008 -0.970 -0.0763
0.95007 -0.655 +0.3114 0.25986 -0.9555 +0.1576
1.0000 -0.500 40.500 0.28990 -0.830 40.4825
1.1003 -0.1107 +0.663 0.30987 -0.6895 +0.6615
1.2002 40.2460 +0.591 0.34010 -0.4125 t0.852
1.3001 +0;478 +0.3784 0.36002 -0.205 -J0.9175
1.4002 +0.568 to 0.1203 0.38988 40.1120 +0.925
1.5004 +0.5425 -0.1165 0.41013 40.3146 j0.869
1.6003 tO.4395 -0.2965 0.44001 +0.5725 40.713
1.6999 +0.2986 -0.409 0.45995 40.707 40.571
1.8003 0.1472 -0.4625 0.48989 +0.840- +0.3176
1.9007 +0.0061 -0.4656 0.52501 +0.885 -0.0016
1.9999 -0.1129 -0.4325 0.57503 +0.760 -0.4165
2.2496 -0.3038 -0.2696 0.62487 +0.474 -0.703
2.5002 -0.3614 -0.086 0.67493 +0.1123 -0.8215
2.7500 -0.3364 +0.0606 0.72521 -0.2414 40.7725
3.0003 -0.273 40.1597 0.77521 -0.520 +0.5945



A93

p6 Q6

0 1 0

0.82483 -0.6915 *0.342
0.87492 -0.750 40.0606
0.92493 -0.706 40.202
0.97472 -0.583 +0.4155
1.0501 -0.311 40.615
1.1504 +0.0799 +0.651
1.2497 +0.379 +0.497
1.3498 +0.540 40.251
1.4496 +0.568 -0.0020
1.5497 +0.498 -0.2132
1.6501 +0.3716 -0.361
1.7496 +0.223 -0.4425
1.8495 *0.076 -0.469
1.9500 -0.0559 -0.4525

2.0997 -0.2082 -0.3762
2.2998 -0.3248 -0.232
2.4004 -0.3512 -0.1567
2.6006 -0.3582 -0.0215
2.7009 -0.3454 +0.0356
3.2506 -0.1980 +0.2174
3.7495 -0.0629 +0.2498
4.4983 4-0.0637 +0.2076
5.5026 t0.1289 f0.124



W P7  Q 7 q17

0 -1 0 0 -l 0

0.00989 -0.989 40.1478 0.48989 -0.766 +0.4695
0.02007 -0.955 40.2965 0.50004 -0.700 40.557
0.02997 -0.9007 f0.4345 0.50989 -0.6275 +0.6325
0.03987 -0.825 f0.5625 0.51983 -0.546 +0.699
0.05007 -0.731 40.6815 0.52985 -0.4585 t0.755
0.05999 -0.6215 40.781 0.53995 -0.365 .tO.801
0.06993 -0.499 +0.864 0.55013 -0.2672 eto.834
0.07987 -0.3654 40.927 0.56003 -0.1703 40.856
0.09013 -0.220 40.971 0.57000 -0.0720 +0.866
0.10011 -0.0737 +0.992 0.58007 *0.0264 40.865
0.11011 +0.0737 +0.991 0.58983 +0.1199 +0.852
0.12013 +0.2192 +0.968 0.60007 40.2146 fO.830
0.12988 40.3392 40.9315 0.61000 40.3026 40.790
0.13995 +0.488 +0.862 0.62003 *0.386 to.757
0.15005 +0.609 +0.780 0.63014 +0.464 #0.707
0.15988 10.714 +0.6835 0.63994 +0.533 10.652
0.17004 +0.805 +0.569 0.64982 10.596 +0.5905
0.17993 40.8765 fO.447 0.65980 .10.651 f0.5225
0.18986 +0.9305 t0.316 0.66986 40.6985 +0.4495
0.20012 +0.965 +0.1744 0.68002 +0.738 +0.372
0.21013 +0.9785 40.0342 0.68985 +0.7685 +0.295
0.21986 40.970 -0.1022 0.70021 t0.791 +0.212
0.22995 40.944 -0.240 0.70979 +0.804 .1345
0.24008 40.8985 -0.372 0.71990 t0.810 0.0531
0.24995 40.836 -0.4925 0.73010 +0.8075 -0.0282
0.25986 t0.7575 -0.6025 0.73996 +0.7975 -0.1050
0.27013 +0.6615 -0.703 0.74991 +0.7795 -0.180
0.28015 t0.556 -0;787 0.75996 +0.755 -0.2525
9.28990 +0.4435 -0.852 0.77010 40.7235 -0.322
0.30001 +0.320 -0.903 0.77988 +0.688 -0.3854
0.30987 f0.1945 -0.935 0.79022 10.645 -0.4475
0.32010 +0.0623 -0.951 0.80020 +0.5975 -0.502
0.33007 -0.0663 -0.9475 0.80978 +0.5495 -0.5495
0.34010 -0.1929 -0.927 0.81995 +0.4945 -0.595
0.34987 -0.3112 -0.8915 0.83022 +0.436 -0.634
0.36002 -0.4275 -0.838 0.84009 +0.3774 -0.6665
0.36991 -0.5315 -0.773 0.85006 j0.316 -0.693
0.37986 -0.626 -0.695 0.86014 40.2532 -0.715
0.38988 -0.708 -0.605 0.86980 +0.1920 -0.729
0.39997 -0.780 -0.506 0.88007 +0.1273 -0.740
0.41013 -0.835 -0.398 0.88992 +0.0652 -0.7435
0.42002 -0.8755 -0.2886 0.89988 +0.0032 -0.7433
0.42998 -0.902 -0.1753 0.90993 -0.058 -0.7375
0.44001 -0.9135 -0.0599 0.92008 -0.1183 -0.7265
0.45012 -0.910 +0.0557 0.92980 -0.1740 -0.7105
0.45995 -0.893 40.1656 0.94016 -0.2312 -0.691
0.46985 -0.8635 +0.2720 0.95007 -0.2836 -0.6675
0.47984 -0.820 f0.375 0.96008 -0.3332 -0.640



w P7  7 wP 7  7

0 -"1 0 0 -1 0

0.97020 -0.3806 -0.609 1.9598 +0.3242 -0.3186
0.97984 -0.422 -0.576 1.9999 +0.2782 -0.350
0.99016 -0.464 -0.538 2.0997 *0.1611 -0.3986
1.00000 -0.500 -0.500 2.1994 *0.0487 -0.4115
1.1197 -0.664. f0.0407 2.2998 -0.0521 -0.3958
1.1403 -0.6465 fO.1287 2.4004 -0.1363 -0.3596
1.1599 -0.619 t0.2072 2.5002 -0.2024 -0.3118
1.1799 -0.582 40.281 2.6006 -0.2516 -0.2562
1.2002 -0.537 tO.3486 2.7009 -0.2854 -0.1980
1.2203 -0.486 #0.408 2.8006 -0.3052 -0.1410
1.2401 -0.431 10.458 2.8987 -0.314 -0.0871
1.2602 -0.3698 to.500 3.0003 -0.314 -0.0358
1.2799 -0.308 40.533 3.2008 -0.2938 +0.0505
1.3001 -0.2434 +0.559 3.4014 -0.257 +0.116
1.3198 -0.1792 40.577 3.6018 -0.213 +0.162
1.3400 -0.1142 40.5875 3.7983 -0.1679 +0.1915
1.3597 -0.051? +0.590 4.0009 -0.1230 f0.2088
1.3798 +0.0102 to.5868 4.1976 -0.0831 40.2164
1.4002 +0.0708 40.577 4.4015 -0.0461 40.2166
1.4202 +0.1271 j0.5615 4.5993 -0.0148 +0.2120
1.4397 +0.1787 f0.542 4.8007 +0.0125 40.2034
1.4596 40.228 *0.517 4.9969 40.0349 +0.1931
1.4798 +0.274 tO.4885 5.2011 40.0544 +0.1809
1.5004 to.3162 f0.456 5.4043 +0.0704 +0.1678
1.5204 40.3538 t0.421 5.6045 +0.0831 *0.1548
1.5399 +0.3852 to.3852 5.7994 +0.0931 +0.142
1.5597 +0.413 tO.3474 5.9972 +0.1013 +0.1296
1.5798 +0.438 +0.307 6.4971 +0.1143 f-0.1002
1.6003 t0.459 +0.265 6.9972 +0.1200 +0.0750
1.6202 +0.475 +0.224 7.4947 +0.1208 +0.0538
1.6404 0.4875 40.1823 8.0095 +0.1186 +0.0357
1.6599 40.496 +0.1421 8.4913 +0.1149 +0.0218
1.6797 +0.501 +0.1020 9.0098 40.1098 +0.0096
1.6999 10.503 +0.0618 9.5144 +0.1045 40.0000
1.7205 +0.5025 +0.0219 10.019 +0.0990 -0.0078
1.7402 *0.498 -0.0152 10.988 40.0886 -0.0188
1.7603 tO.4915 -0.0517 11.992 +0.0788 -0.'0264
1.7796 +0.4825 -0.085Z 12.996 40.0701 -0.0312
1.8003 -O.4705 -0.1195 14.008 +0.0624 -0.0342
1.8202 tO.4575 -0.1509 14.990 40.056 -0.0360
1.8405 +0.442 -0.1810 15.969 +0.0504 -0.0370
1.8598 +0.4265 -0.2080 16.999 +0.0453 -0.0373
1.8807 +0.4065 -0.2348 17.980 +0.0411 -0.0373
1.9007 tO.387  -0.2586 18.976 +0.0373 -0.0371
1.9196 +0.3674 -0.2794 19.970 +0.341 -0.0366
1.9402 to.3 4 6 -0.3006 1.0200 -0.5625 -0.4165
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0.00989
0.02007
0.02997
0.03987
0.05007
0.05999
0.06993
0.07987
0.09013
0.10011
0.11011
0.12013
0.12988
0.13995
0.15005
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0.17004
0.17993
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0.20012
0.21013
0.21986
0.22995
0.24008
0.24995
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0.27013
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0.28990
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0.30987
0.32010
0.33007
0.34010
0.34987
0.36002
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0.37986
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0.41013
0.42002
0.42998
0.44001
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+0.986
+0.942
+0.873
+0.779
+0.659
40.524
+0.374
40.2136
.. 0.0426
-0.1244
-0.2874
-0.4425
-0.580
-0.706
-0.811
-0.891
-0.948
-0.977
-0.982
-0.958
-0*910
-0.839
-0.745
-0.6315
-0.506
-0.3685
-0.2174
-0.0664
+0.0810
+0.230
40,3684
+0.501
+0*6175
+0.7175
.0.799
+0.864
-.jO*906
+0.929
+0.931
.+0.9125
+0.874
tO. 8 185
y.748
tO.661
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-0

-0.1673
-0.3346
-0.4876
-0.627
-0.751
-0.850
-0.925
-0.974
-0.995
-0.987
-0.951
-0.889
-0.8035
-0.695
-0.567
-0.427
-0.271
-0.1132
*0.0472
+0.2104
+0.3622
+0.500
+0.628
+0.739
+0.8275
10.896
40.940
+0.961
+0.956
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pO. 8 8 1

10.810
+0.722
+0*6175
+0.503
40.374
+0.2412
0.1043
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-0.3026
-0.4235
-0.534
-0.633
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0.45995
0.46985
0.47984
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0.50989
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0.52985
0.53995
0.55013
0.56003
0.57000
0.58007
0.58983
0.60007
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0.63014
0.63994
0.64982
0.65980
0.66986
0.68002
0.68985
0.70021
0.70979
0.71990
0.73010
0.73996
0.74991
0.75996
0.77010
0.77988
0.79022
0.80020
0.80978
0.81995
0.83022
0.84009
0,85006
0.86014
0.86980
0.88007
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f0.562
40.456
4.0.3414
+0.2216
+0.0986
-0.0255
-0.1437
-0.2584
-0.3678
-0.469
-0.5615
-0,641
-0.708
-0.764
-0.804
-0.834
-0.849
-0.01047
-0.8375
-0.815
-0.782
-0.736
-0.6815
-0.6175
-0.549
-0.470
-0.3924
-0.3074
-0.219
-0.1329
-0.0456
*0.0412
f0.1267
.. 0. 2 06 2
jO.2862

t*0.3582
fO.423
j0.487
.- 0.543
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+0.633
+0.669
+0.696
+0.717

-0.719
-0.786
-0.8375
-0.874
-0.893
-0.894
-0.879
-0.849
-0.804
-0.745
-0.6725
-0.5925
-0.5035
-0.407
-0.3076
-0.2014
-0.0964
*0.0089
+0.1131
+0.2105
#0.3046
+0.3932
90.4755
40.550
1.614
40.671
40.715
40.7515
40.7775
fO.7925
10 . 79 9

10.795
+0.782
+0.761
+0.730
0.693
0.652

+0.602
40.545
+0.487
+0.423
+0.3574
+0.2914
+0.220
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0.88992 +0.7315 +0.1510 1.7796 4.0.3236 40.368
0.89988 +0.739 +0.0814 1.8003 40.350 #0.3365
0.90993 +0.7396 +0.0116 1.8202 +0.3726 .0.305
0.92008 +0.734 -0.0576 1.8405 10.392 t0.2725
0.92980 +0.722 -0.1220 1.8598 40.4075 *0.2408
0.94016 .0.704 -0.1883 1.8807 40.422 +0.206
0.95007 40.681 -0.2488 1.9007 +0.4325 +0.1725
0.96008 40.653 -0.3066 1.9196 +0.440 +0.1411
0.97020 +0.621 -0.362 1.9402 +0.446 +0.1073
0.97984 40.584 -0.411 1.9598 +0.448 +0.0755
0.99016 +0.5425 -0.458 1.9999 40.447 +0.0127
1.00000 +0.500 -0.500 2.0997 +0.411 -0.1263
1.1197 -0.1153 -0.656 2.1994 f.0.342 -0.2338
1.1403 -0.2120 -0.6245 2.2998 40.2538 -0.308
1.1599 -0.2964 -0.582 2.4004 +0.1595 -0.350
1.1799 -0.3726 -0.528 2.5002 #0.0684 -0.365
1.2002 -0.440 -0.465 2.6006 -0.0153 -0.3588
1.2203 -0.495 -0.396 2.7009 -0.0876 -0.336
1.2401 -0.538 -0.324 2.8006 -0.1471 -0.3022
1.2602 -0.571 -0.2466 2.8987 -0.1938 -0.2622
1.2799 -0.5915 -0.1698 3.0003 -0.230 -0.2172
1.3001 -0.603 -0.0916 3.2008 -0.2702 -0.1258
1.3198 -0.6035 -0.0164 3.4014 -0.279 -0.0418
1.3400 -0.595 *0.0577 3.6018 -0.266 +0.0290
1.3597 -0.579 +0.1266 3.7983 -0.2405 +0.0839
1.3798 -0.554 +0.1925 4.0009 -0.2068 +0.1264
1.4002 -0.5225 *0.254 4.1976 -0.1718 *0.1559
1.4202 -0.486 t0.309 4.4015 -0.1352 +0.1755
1.4397 -0.445 t0.3565 4.5993 -0.1016 +0.1867
1.4596 -0.400 +0.399 4.8007 -0.0699 +0,1916
1.4798 -0.3512 +0.4365 4.9969 -0.0421 40.1918
1,5004 -0.299 fO.4 67 5.2011 -0.0165 40.1880
1.5204 -0.247 40.4915 5.4043 40.0057 +0.1819
1.5399 -0.1952 +0.508 5.6045 40.o245 +0.1740
1.5597 -0.1428 t0.521 5.7994 +0.0402 +0.165
1.5798 -0.0898 +0.5275 5.9972 +0.0538 .0.1555
1.6003 -0.0370 +0.529 6.4971 4.0.o789 tO.1300
1.6202 40,0127 0.525 6.9972 +0.0942 +0.1056
1.6404 40.0613 +0.517 7.4947 +0.1025 0.0836
1.6599 40.1061 4.0.505 8.0095 +0.1061 +0.0638
1.6797 +0.1492 +0.489 8.4913 +0.1067 +0.0479
1.6999 +0.1905 +0.470 9.0098 +0.1051 +0.0335
1.7205 +0 .22 9 6  to. 44 7  9.5144 +0.1022 +0.0217
1.7402 40.2640 +0.4225 10.019 40.0986 +0.0119
1.7603 40.2962 .0.3956: 10.988 +0.0906 -0.0025
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12.996
14.008
14.990
15.969
16.999
17.980
18.976
19.970

1.0200
1.0398
1.0599
1.0799
1.1003

fO.0821
+0.0740
40.0666
40.0603
40.0547
40.0494
40.0450
+0.041
+0.0376

-. 0.405
+0.404
tO.1969
40.0900
-0.0172

0

P8

+1

112

48

-0

-0.0130
-0.0201
-0.0251
-0.0283
-0.0304
-0.0318
-0.0325
-0.0329
-0.0330

-0.571
-0.6225
-0.657
-0.673
-0.6725
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TAM 2

0.854PO -0.238Pi -0.0956P 2

+0.854 +0.238
+0.846 +0.226
+0.8215 +0.1933"
+0.784 +0.1462
+0.736 +0.0918
+0.683 +0.0381
+0.628 -0.0103

-0.0505
40.521 -0.0814

-0.1040
JO.4275 -0.1189

-0.1280
-0.1325
-0.1339
-0.1325

+0.2628 -0.1293
-0.1253

0
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
1.30
1.40
1.50
1060

1.80
2.00
2.25
2.50
2.75
3.00
3.50
4.00
5.00
6.00
7.00
8.00
9.00

10.00

-0.0956
-0.0835
-0.0517
-0.0104
+0.0289
+0.0582
+0.0742
+0.0780
+0.0727
+0.0616
+0.0478
+0.0335
+0.0199
+0.0080
-0.0023
-0.0107
-0.0174

-0.1152 -0.0265
-0.1046 -0.0314

-0.0337
-0.0804 -0.0335

-0.0322
-0.0618 -0.0302
-0.0484 -0.0259
-0.0386 -0.0218
-0.0260 -0.0156
-0.0186 -0.0115
-0.0139 -0.0088
-0.0107 -0.0069
-0.0085 -0.0055
-0.0069 -0.0045

+0.854Q% -0.238Q, -0.0956q2

0 0
-0.0847 -0.0698
-0.1646 -0.1303
-0.2354 -0.1748
-0.2948 -0.2006
-0.342 -0.2092
-0.3778 -0.2038

-0.1880
-0.4175 -0.1669

-0.1430
-0.4275 -0.1189

-0.0957
-0.0746
-0.0560
-0.0395

-0.3942 -0.0253
-0.0132

0
+0.0456
+0.0785
+0.0911
+0.0840
+0.0628
+0.0349
+0.0068
-0.0172
-0.0356
-0.0478
-0.0550
-0.0579
-0.0578
-0.0555

-0.0477

+0.0057 -0.0382
-0.342 *0.0190 -0.0291

-0.0193
-0.2948 t0.9367 -0.0115

-0.0056
-0.2565 +0.0428 -0.0011
-0.226 +0.0439 +0.0047
-0.201 +0.0428 +0.0079
-0.1641 +0.0387 +0.9103
-0.1383 +0.0344 +0.0107
-0.1197 40.0306 +0.0103
-0.1050 40.0274 +0.0096
-0.0936 +0.0248 +0.0090
-0.0844 +0.0226 +0.0084

1.25 +0.334

U,

+0.1710

40.1180

+0.0854
to.0646
+0.0503
+0.0328
+0.0230
+0.0171
+0.0131
+0.0104
+0.0084

-0.417



TABLE 3 V3p 2

w 0.854PO- 0.854P0- W 0.854P 0- 0.854P'
0.238Pi 0.238P,- 0.238P0 0.238P -

0.0956P2 0.0956P

0 +1.092 +0.996 1.9999 +0.066 +0.0350

0.10 +1.072 +0.988 2.2496

0.20 +1.9148 40.9631 2.5002 +0.038 fO.004

0.30 +0.930 f.O 9 20 2.7500

0.40 +0.828 +0.857 3.0003 +0.0236 -0.0066

0.50 40.721 40.779 3.4989 +0.9162 -0.0097

0.60 +0.618 +0.692 4..0009 +0.0116 -0.0102

0* 70 5.0045 +0.0068 -0.0088

0.80 +0.440 +0.513 6.0080 t.0045 -0.0070

0.90 6.9972 40.0032 -0.0056

1.00 +0.309 +0.356 8.0095 +0.0024 -0.00450

1.10 9.0098 +0.0019 -0.0036

1.20 10.019 +0.0015 -0.0030

1.40 1.2497

1.50 +0.134 40.123



TAMER 4

0.854%- 0.854%- w 0.854Q- 0.854%-
0.238Q1  0.238Q1 - 0.238Q 0.238 -

0.09562 0.0956a2

0 0 2,00 -0.323 -0.3521

0.10 -0.1545 -0.1089

0.20 -0.2949 -0.2164 2.50 -0.2581 -0.2696

0.30 -0.4102 -0.3191

0.40 -0.4954 -0.4114 3.00 -0.2137 -0.2148

0.50 -0.5512 -0.4884 3.50 -0.1821 -0.1774

0.80 -0.5816 -0.5467 4.00 -0.158 -0.150

5.00 -0.1254 -0.1151

0.80 -0.5844 -0.6016 6.00 -0.104 -0.093

1.00 -0.5464 -0.5942

1.50 -0.4195



TABLE 5 18

0.484Q% -0.610Q1 0.12533 0.48422 -0.610 0.1253P3

0 0
-0.0480 -0.1790
-0.0932 -0.3345
-0.1333 -0.448
-0.1670 -0.515
-0.1937 -0.537
-0.214 -0.5225

-0.4825
-0.2365 -0.428

-0.3672
-0.242 -0.305

-0.2456
-001915
-0.1435
-0.1013

-0.2234 -0.0648
-0.0338

+0.0147

0.0968 -0.2684

0
0.10
0.20
0.30
0.40
0050
0.60
0.70
0.80
0.90
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1*70
1.80
1.90
2.00
2.25
2.50
2.75
3.00
3.50
4.00
5.00
6.00
7.00
8.00
9.00

10.00

-0.2062

-0.1586
-0.1242
-0.0991
-0.0668
-0.0476
-0.0357
-0.0275
-000219
-0.0178

0
+0.0802
10.1207
tO.1071
+0.0535
-0.0117
-0.0644
-0.0930
-0.0978
-0.0852
-0.0627
-0.0367
-0.0120
+0.0094
+0.0264
+0.0391
+0.0478
+0.0531
+0.0559
+0.0565
-0.0058
+0.0108
+0.0214
+0.0276
+0.0308
+0.0320
+0.0301
40.0241
+0.0188
t0.0149
*0.0119
tO.0097
*0.0080

40.484 *0.610
40.479 40.580
40.465 40.496
+0.4445 +0.375
+0.4175 +0.2356
+0.3872 +0.0976
+0.356 -0.0265
t -0.1295
+0.2954 -0.2086

-0.267
to.242 -0.305

-0.3284
-0.340
-0.3432
-0.3396

+0.1490 -0.332
-0.3214

-0.296

-0.1937 +0.0488

-0.167

-0.1453
-0.1280
-0.1139
-0.0930
-0.0784
-0.0678
-0.0595
-0.0530
-0.0478

+0.0943

+0.1099
40.1125
+0.1099
+0.0991
+0.0881
+0.0785
40.0703
+0.0636
+0.0579

*0.0668

+0.0484
+0.0366
+0.0285
t0.0186
+0.0131
+0.0097
+0.0074
+0.0059
+0.0048

-0.1253
-0.0955
-0.9230
10.0544
K.1034
+0.1114
+0.0861
+0.0434
-0.0011
-0.038
-0.0627
-0.0758
-0.0793
-0.0758
-0.0679
-0.0575
-0.0462
-0.0348
-0.0241
-0.0144
+0.0558
*0.0497
+0.0413
+0.0328
40.0250
*0.0127
4.00044
-0.0046
-0.0083
-0.0097
-0.0100
-0.0099
-0.0096



TABIE 6 135

0.484PO- 0.484PO w 48 4P o.'. 0484Po-
0.61OP 0.610Pit 0.610pi 0.610P t

0.1253Pt 0.1254
3 3

0 +1.094 p0.969 2.00 -0.1716 -0.1774

0.10 +1.059 +0.963

0.20 +0.961 +0.938 2.50 -0.1394 -0.1180

0.30 +0.820 +0.874

0.40 to.6531 +0.7565 3.00 -0.1102 -0.0794

0.50 +0.4848 +0.5962 3.50 -0.0876 -0.0556

0.60 .J0.3295 +0.4156 4.00 -0.0706 -0.0405

0.70 5.00 -0.0482 -0.0240

0.80 fO.0868 fO.0857 6.00 -0.0345 -0.0157

0.90 7.00 -0.0260 -0.0111

1.00 -0.063 -0.126 8.00 -0.0201 -0.0082

1.10 9.00 -0.0160 -0.0063

1.20 10.00 -0.0131 -0.0051

1.50 -0.183 -0.240

.77



TAL 7 436

W. 0.484Q0- 0.484q0 - w 0.84 - 0.4-4%-
0.6100' 0.6OoqQt 0.610Qt 0.510 t

0.1253Q3 0.125;4

0 0 0 2.00 -0.1449 -0.0891

0.10 -0.2270 -0.1468

0.20 -0.4277 -0.3070 2.50 -0.0727 -0.0314

0.30 -0.5813 -0.4742

0.40 -0.6820 -0.6285 3.00 -0.0354 -0.0104

0.50 -0.7307 -0.7424 3.50 -0.0155 -0.0028

0.60 -0.7365 -0.8009 4.00 -0.0040 *0.0004

0.70 5.00 +0.0061 +0.0015

0.80 -0.6645 -0.7623 6.00 40.0097 tO.0014

0.90 7.00 tO.0107 t0.0010

1.00 -0.547 -0.610 8.00 *0.0108 40.0008

1.10 9.00 40.0106 tO.0007

1.20 10.00 40.0101 +0.0005

-0.2882 -0.2491



ABSTRACT

Synthesis of Electric Network 'by Means of the Fourier
Transforms of Lawuerre's Functions

by

Yuk-Wing Lee

This thesis presents a new method for the de-

sign of electric networks with assigned transfer admit-

tances. This problem occurs frequently in electrical

communication engineering where the design of transmis-.

sion networks such as wave filters, balancing networks,

artificial lines, and phase correction networks, is of

prime importance.

It is known in the Operational Calculus that

the Fourier transform of a function vanishing to the

left of the origin is a function analytic over the right

half of the complex plane. Since an admittance function

is analytic over the right half of the complex plane, it

seems possible to expand this function in terms of the

Fourier transform of a function which vanishes to the

left of the origin, and if we have a set of transforms

corresponding to a known set of networks, a proper lin-

ear combination of these will yield any desired admit-

tance function.

Dr. Norbert Wiener, Associate Professor of Math-

ematics of the Massachusetts Institute of Technology,

conceived the idea and suggested the use, for this pur-

pose, of Laguerre's functions which are defined for
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positive values of the argument. The expansion of an ad-

mittepce Y (w ) in terms of the Fourier transforms of the

Laguerre's functions Gn (o) is:

Y ()= Gn(w) Y w* no) dco

Here w is 2-w times the frequency.

The Fourier transforms of Laguerre's functions

are found to represent the transfer admittancesof a set

of networks built up in a simple and definite manner, of

positive resistances, inductances, and capacitances. By

proper choice of the polarity of the terminals of the net-

work, both positive and negative coefficients may be re-

presented.

This scheme of connections leads in the first

instance to a short-circuit transfer admittance function.

In order to introduce a load in the short-circuit, a cir-

cuit theorem is established. The theorem is: If an ad-

mittance Y be inserted into any mesh of a network, the

transfer admittance of that mesh is the product of the

transfer admittance rior to the addition and Y, divided

by the sum of the driving point admittance of the same

mesh prior to the addition and Y.

The coefficients of the expansion are completely

determined 'either by the real or the imaginary part of the

transfer admittance function, so that it is not necessary

to know both to determine the network. A change of vari-



-3-

ables reduces the evaluation of the coefficients to a

very simple process. The procedure consists of plotting

the given function on paper with a tangent scale on the

abscissa and making a harmonic analysis of it. Of course

analytical means may be used when possible.

The real and imaginary parts of an admittance

function are Hilbert transforms of each other, that is,

they are related by the reciprocal formulas:
00

P (m) = Q (C + t)- Q (LL - t) dt

and 00

Q1 (W) = - P + t)- ( - t) dt
)t

Likewise, the logarithm of the absolute value of the ad-

mittance function and its phase are Hilbert transforms of

each other (due to Dr. N. Wiener), that is, if

YI= (P2+ QZ)

and

= tan-1

then lnlYl = _1 f ( w + t)- c ( ' - t) dt

and

001 n IY ( >+ t) In lnY(wo -t)) dt-

Because of these interrelations, a network can

be designed when any one of the four values of the admit-

tance function, namely, the real part, the imaginary part,

the absolute value, and the phase ,is given. Owing to the
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fact that a zero of a function is an infinity of its lo-

garithm, the determination of phase by amplitude and vice

versa is not unique. It is this that permits the exis-

tance of phase correction networks.

When either the absolute value or the phase of

the admittance function is given, it is necessary to

solve the Hilbert transform. If this cannot be done ana-

lytically, Mr. T.S. Gray's photo-electric integrating ma-

chine developed under the supervision of Dr. V. Bush at

the Massachusetts Institute of Technology may be used.

Two illustrative problems are given. The first

is the design of a network having the real part of the

transfer admittance function assigned. In the second

problem, the imaginary part of the transfer admittance is

specified. Both problems are carried out analytically,

and the required functions are very closely approximated

by only three terms of the expansions.




