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ABSTRACT: Splitting functions are universal functions describing the collinear dynamics
of gauge theories, and as such are crucial ingredients for a wide variety of calculations in
perturbative QCD. We present analytic results for the triple collinear splitting functions
in QCD with a single massive parton. We derive the splitting functions using two distinct
methods; first by expanding the squared matrix elements in the collinear limit, and secondly
by using soft-collinear effective theory with massive quarks. We find agreement between these
two approaches, providing a strong check of our results. Additionally, we also check all iterated
and soft limits of our results, finding agreement with predictions from factorization. Our
results provide an important ingredient for higher order perturbative calculations involving
massive partons, and for the description of the collinear dynamics of heavy flavor jets.
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1 Introduction

Universal functions appearing in limits of gauge theory scattering amplitudes and cross
sections are key ingredients in perturbative calculations. A particular example are splitting
functions [1-13], which describe the universal dynamics of partons in the collinear limit. These
play a central role in the description of the collinear substructure of jets, as well as in fixed
order subtraction schemes. Due to their importance in understanding the universal infrared
behavior of amplitudes [14-17], significant effort has been applied to their perturbative
calculation. Following the seminal calculation of the tree-level 1 — 2 splitting functions in [1],
the triple collinear splitting functions were computed at tree level in [2, 3], and the complete
set of ingredients describing the collinear limit to next-to-next-to-leading order, namely the
two-loop 1 — 2 splitting functions [4, 5], the one-loop 1 — 3 splitting functions [6-8] and the
tree level 1 — 4 splitting functions [9, 10], were all computed for massless QCD partons.
Despite this tremendous progress in the perturbative description of the collinear limits of
amplitudes and cross sections involving massless partons, considerably less is known about
collinear limits involving massive partons. Indeed, only the 1 — 2 massive splitting functions
appear in compact forms in the literature [18]. However, accurate perturbative calculations



involving heavy quarks are crucial for many phenomenological applications. For example, the
description of the substructure of jets involving b quarks is crucial for studies of the Higgs and
top-quark, and heavy quark jets are also ideal probes of the Quark Gluon Plasma (QGP) [19-
22], since they cannot be thermally produced. Additionally, massive splitting functions are
a key ingredient in universal subtraction schemes for fixed order perturbative calculations
involving massive partons. Combined, these strongly motivate an improved description of
collinear limits involving massive partons in perturbation theory.

In this paper we compute the 1 — 3 splitting functions involving a single massive
parton in QCD, and present our results in a compact form amenable to phenomenological
applications. We derive our results in two independent ways. First, we derive them by
expanding the relevant squared QCD matrix elements in the collinear limits, and comparing
with the predictions of QCD factorization. Second, we derive them using soft-collinear
effective theory (SCET) [23-25] with massive partons known as SCET); [26]. We find exact
agreement between the two approaches, providing strong support to the correctness of our
result. Additionally, we consider all iterated and soft limits of our results, and compare
them with predictions from factorization.

A key application of our results is to the calculation of jet substructure observables
involving heavy quarks. In a companion paper, we will present the results for the three-point
energy correlator [27-29] on heavy quark jets, which has interesting applications for better
understanding the QCD dynamics of heavy quarks in both vacuum [30] and the QGP [31-35].
Additionally, there has been significant recent progress in the incorporation of mass effects
into parton shower Monte Carlo simulations [36], and it would be interesting to combine this
with approaches to incorporate triple collinear splitting functions in parton showers. Our
results are a key ingredient towards achieving this goal.

An outline of this paper is as follows. In section 2, we briefly review collinear factorization
in gauge theories, and the universality of the splitting function. In section 3, we describe
our calculation of the triple collinear splitting function, both from the collinear expansion of
squared QCD matrix elements, as well as using SCET with masses. In section 4, we present our
results for the 1 — 3 splitting functions involving a single massive parton. In section 5 we check
the iterated and soft limits of our results against predictions from factorization. Additional
perturbative ingredients are collected in appendix A for completeness. In appendix B, we
present the Q@ — Q'Q'Q and Q — QQQ splitting functions. Finally, the ¢ — QQg splitting
function, as well as its iterated limits, are presented in appendix C.

Note added. On the day of submission of this manuscript, [37] appeared, which also
computed the triple collinear splitting functions involving a single massive parton in QCD
by expanding the squared matrix element. In preliminary comparisons, we find agreement
with their results. Additionally, our calculation using SCET provides strong evidence for
the correctness of both results.



Figure 1. In the collinear limit, matrix elements factorize into a universal splitting function P which
describes the n-collinear partons, as well as a hard function H describing the other non-collinear
partons. The factorization on to on-shell states is represented by the red line.

2 Factorization for massive collinear limits

It is well known that QCD amplitudes with a subset of collinear particles can be written in
a factorized form (see, e.g., [2, 38-40]), where the collinear dynamics are encoded entirely
in universal functions that depend only on the kinematics and quantum numbers of the
collinear particles. Our focus in this work lies in the triple collinear limit of the matrix
element, specifically when at least one of the collinear partons is a heavy quark @. In this
context, the squared matrix element is expressed as a product of a tree-level squared matrix
element with n — 3 external legs and a splitting kernel that describes the collinear splitting of
a heavy quark into three partons Q(p) — ai(p1) + az2(p2) + as(ps3)

2% g3
5123

a3 | My (p1, ... pn)|* = ( ) M—s(Pas - - 2n)|? Parasq (i, 01, mie) - (2.1)
Here, %23 represents the label [9] for the triple collinear limit, which we will describe in detail
below, and P, q,q (T4, p1,m;€) denotes the heavy quark triple collinear splitting kernels
in d = 4 — 2¢ dimensions. When the parent parton is a quark, both the helicity and the
fermion number must be conserved. This conservation implies the absence of non-trivial spin
correlation between P, 4,0 and M,,_3. Additionally, at least one of the outgoing partons
must be a heavy quark ), which we have labeled as the third parton without loss of generality.

The triple collinear splitting function carries spin, color, and flavor indices and is solely
dependent on collinear kinematics. To derive this splitting function in the triple collinear
limit @193, we introduce a light-cone vector n* that aligns with the parent parton’s direction.
We also introduce its conjugate vector 7n# with the properties n? = 7?2 = 0 and n -1 = 2,
which then allows us to parameterize the collinear momenta as p!' = (p;r, D; P Li) with

p;" =n-p;,p; = n-p;. In other words

.
pL niu' M
pi= "t tmp o, i=1,2
Tip~ 2 2 ’ (2.2)
u P g+ m? e n H L
= — 4z
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Figure 2. Feynman diagrams for various splitting channels in lightcone gauge. Figure 2(a) is the
only diagram for @ — gq@. Figure 2(b), figure 2(c), and figure 2(d) are the diagrams for Q@ — ggQ.

where z; are the momentum fractions of the on-shell light-like momenta p* = (¢,0,0,q) =
p nt/2 formed from the momentum direction of the parent parton P* = > p!' = (E —
7,0,0,q).

The triple collinear splitting kernels are then a function of the modified Mandelstam
variables formed by these collinear momenta

z — 2 2 2
Sijk = Sijk — MYy —mj — my
2 2 2 2
= (pi +pj +pk)” —mi —mj —mj,

i (2.3)
Sij = Sij — m? - m?

= (it p)? —m? 2.

In processes with a single massive quark, we have 12 = s12 = (p1 + p2)?, as the massive
parton does not enter for §15. Furthermore, §193 = §12 + 513 + S23. In the following section,
we compute the triple collinear splitting kernels at the leading order in «.

3 Description of the calculation methods

The universal collinear splitting functions given in eq. (2.1) can be obtained through several
calculational methods. In section 3.1, we directly compute them by taking a collinear
expansion of a relevant squared QCD matrix element and comparing it directly with the
factorization formula given in eq. (2.1). In section 3.2, we compute them by using SCET.

3.1 Collinear expansion of the squared matrix elements

The splitting functions follow from taking the collinear limit of QCD amplitudes. The
singular contributions in the collinear limit can be obtained by introducing an expansion
parameter A\, and scaling the collinear momenta p; given in eq. (2.2) by (p;r,p;,p 1)~
p~(A2,1,\). Therefore, in the collinear limit, the massive parton has mass scaling like its
transverse momenta, m ~ p| ; ~ Ap~ . Given these scalings, we find that the modified
Mandelstams scale as

5123, 812, 813, 823 ~ A\2(p 7). (3.1)

We then take the collinear limit Ci93 by deriving the singular limit as the expansion parameter
A — 0. Scaling the quantities in the squared matrix elements as shown above, we find that
the most singular terms go as

M2~ O(1 /XY (3.2)



These singular terms then factorize as given in eq. (2.2), giving us the massive 1 — 3 splitting
function. The Q — Qqq and Q — Qgg splitting functions were calculated with different gauge
choices. Of course, we expect the collinear limit to be gauge invariant. The Q — Qqq splitting
function was calculated in Feynman gauge where the gluon propagator takes the simple form

— ,uyéab
= (3.3)
p=+10

For the Q — Qgg calculation, we used the light-cone gauge as it reduces the number of
diagrams that enter the calculation. In this case, the gluon propagator and polarization

tensor, respectively, take the forms

—i6® ( po P A 0P m’”) (3.4)
p? +1i0 n-p ’
and
GV L BV
S (@) =dv(p) = —g+ TR ey (3.5)

n-p

polarizations

3.2 SCET with masses

The leading power SCET Lagrangian offers a more efficient method for calculating the
leading triple collinear behavior. As the collinear expansion is already carried out at the
Lagrangian level, once expressed in terms of the matrix elements of the gauge-invariant
collinear SCET fields, there is no need to further carry out the collinear limit of the matrix
elements. The n-collinear gauge-invariant building blocks for quark and gluon fields in
SCET are given by [23-25]

1
Xn = Wic,,  B' = . [Wgz‘Dﬁj Wil , (3.6)

where £, and A,, denote the n-collinear quarks and gluons fields, respectively, and W,, denotes
the Wilson line of collinear gluons. Here iD!| = P!'| + gA# and P is the label momentum
operator in SCET. The Wilson line is given by

Wy (x) = Z exp [—gﬁ_lpn-An(x)} . (3.7)
perms
These gauge-invariant building blocks have a well defined scaling with respect to the parameter
A. This ensures that the expansion at the level of the fields in SCET is equivalent to the
expansion in kinematic limits of QCD amplitudes. Using matrix elements formed from these
gauge-invariant collinear building blocks of SCET fields at leading order in A we are therefore
able to derive the triple collinear splitting functions directly from the SCET Lagrangian.
Some examples using this approach for the 1 — 2 splitting functions can be found
in [41, 42], and for a further discussion of the relation between splitting functions and jet
functions in SCET, see [43]. As a second approach to compute the triple collinear splitting
functions, we computed the appropriate matrix elements of the gauge-invariant collinear
fields from SCET with massive partons, known as SCETy [26], to derive the massive 1 — 3
splitting functions. In our calculation, we used the light-cone gauge throughout and found



the expressions for the triple collinear splitting kernels computed using the SCET framework
to agree with the results we obtained by taking the collinear expansion of the squared matrix
elements using full QCD.

4 Results for 1 — 3 massive splitting functions

In this section we present our results for the 1 — 3 splitting functions involving a single
massive QCD parton. When expressed in terms of the variable 3, the splitting functions
involving a single massive parton can be organized into terms that are mass independent,
or proportional to even powers of m. Since the mass independent splitting functions are
familiar, we explicitly perform this separation to derive compact results. For each triple
collinear splitting kernel, P, 4,0, we write the result as a sum

Pasz = RalazQ + MalazQ ’ (4-1)

where R, q,¢ is identical to the known massless triple collinear splitting functions [2] but
with s modified to 3, whereas explicit mass dependent terms are captured by M, 4,¢. Since
in the limit where m — 0, we also have § — s and the M term drops out, our splitting
function agrees exactly with the massless splitting functions in the massless limit. Also, since
the quark-initiated processes have trivial helicity dependence due to helicity conservation, our
triple collinear splitting functions are always spin-averaged even without a ( ) notation. In
section 5 below, we compute the iterated limits with the polarization of the intermediate gluon
intact. We now present the new M terms as well as the known R terms for completeness.

4.1 Q — qqQ

For the splitting process Q) — ¢q@, the mass independent term is given by [2]

qu@ = CFTF §1~23 - [xl (512 * 2523) _Qx? (%12 - 2§13)]2
2519 (x1 + x2)” 5125123 (4.2)
4as + (21 — 29)* s .
+ =8 (21 = 23) +(1—2e)<x1+x2—~12)],
1+ T2 5123
while the mass dependent term, which is the novel result here, is simply given by
2m?
Mg = ~CrTa— (4.3)

4.2 Q — ggQ

As with its massless counterpart, the splitting function for the Q — gg@Q process can be
decomposed into its Abelian and non-Abelian color factors

ab nab
Pygq = C2P2Y) + CpOa P (4.4)



The mass independent splitting function is then given by [2]

2 5%23
RggQ =Cp

1+22 23 +a3
~ < — €
2513823

X129 12

—€e(1+¢)

+1-9[e- (-9

513

S193 [23 (1 — 1) + (1 — 29)? 1—a
4 2123 l 3 ( D)+ ( 2) —e(xf—l—anxz—i—x%) 2+62(1+w3) }
S13 T1T2 T1T2
x1 (512 + 2303) — o (512 +2513)] 1 €
copea -0 [z1 (512 23) 2;h;2 13)] L L_¢
4(x1 + x2)” 579 4 2
§29s 223+ (1 —€)(1—x3)* 201 —mx2) + (1 —e€)a?
+ == +
2512513 T2 1—x3
- 2
:9%253 23 + (1 —€) (1 — x3) Fe(l—e)
4813893 T1X2
n §1~23 (1- e)xl (2 —2x1 + m%) — T9 (6 — 6z + x%) n 26333 (r1 — 2w2) — 2
2812 €T (1 — .%'3) i) (1 - 1'3)
~ 3 2
5123 (1 —332) + x5 — T2 (2(1 —332) (1'2—1'3) )
1— _ _
+2§13 l( € 2 (1= 3) € 72 (1 —23) 1 + T2
1_ 1— )3 2, .2
oz (L—2) + (1 —a9) +e(l— ) (W_e (14 2). (4.5)
122 T1x2

The mass dependent term is also symmetric under the exchange 1 <+ 2, however, we perform
this symmetrization explicitly for clarity. We find

M,

4/ Ry 22
_ 2 4m* (513 + S23) 2m*“5193
9Q — VF 2 2 -
513523 513523

=2 =2 l(xlg%S + 3725%3)(1 —€) — €(x1 + x2)513523

+ oo [2301(:61 + x3)§§3 + 2z9(x2 + m3)§%3 + (21 + z2)(x122 + 2x3)§13§23}
_ 2313523(813 + 523)
S123
4m4 m2
+ CpCyqy — —— — S §2 x1+$22$1$26f1—21‘3
513523  w1w2(w1 + 72)812513523 12 ) [ ( ) }

+ 2(5%310 + 33321) (22 + 23 + 2129) + 2513503(2 + 23)
+ 512513 [ng — 23(1 + € — 2ex3 — (1 — €)x3)
+ (z1 4+ 22)?22(1 + € + (1 — €)x3) — 2(21 + ;1:2)2;103]

+ S19593 [2%? — {L'%(l + € — 2ex3 — (1 — 6)1’%)
+ (1 + 29)2x1(1 + € + (1 — €)z3) — 2(z1 + :@)%3]] } ) (4.6)

The results in this section provide the complete set of 1 — 3 splitting functions that involve
a single massive parton necessary for phenomenological applications. In appendix B and
appendix C, we also provide the Q@ — Q'Q'Q, Q@ — QQQ, and g — QQg splitting functions
computed using our calculation methods. In all cases, we find that the explicitly mass



dependent terms given in M are of a similar level of complexity as the mass-independent
terms given in R.

5 Decomposition of 1 — 3 massive splitting functions

In addition to performing the calculation of the triple collinear splitting functions using
two independent procedures, we can also study singularities within the triple collinear
splitting functions by considering their behavior in various kinematical limits. Improving our
understanding of these infrared singularities is crucial in enabling the numerical evaluation of
the phase space for multi-loop calculations, where explicit and implicit poles are cancelled
in physical observables. We consider the iterated limit, where two partons become more
collinear within the triple collinear limit, and demonstrate that the triple collinear splitting
functions factorize into products of 1 — 2 splitting functions. We also consider the soft limit,
where one or two partons become soft, and demonstrate how its factorization is consistent
with the expectation from the soft currents [9, 44-46].

5.1 Iterated limits

We begin by considering the iterated limit of the 1 — 3 collinear splitting functions, where
two partons become more collinear within the triple collinear limit. Without loss of generality,
we assume that particles ¢ and j are much more collinear to each other than either is to
particle k. Under these conditions, the 1 — 3 splitting functions will factorize into products
of 1 — 2 splitting functions, in general involving the polarizations of the intermediate gluon.
See also, [2, 9, 10, 47, 48].

To impose the iterated limit within the triple collinear limit, we scale the collinear
momenta of p; and p; with a new expansion parameter N by Dij ~ p~(\2,1,X). Imposing
the iterated limit by taking N < A, we then extract the most singular terms from a relevant
squared matrix element in eq. (2.2), which scales as ~ 1/\2)2. Practically, this can be
done by taking the triple collinear splitting functions we derived above and considering the
collinear limit ¢;; and identifying the most singular terms in X using the scaling of the
invariants: 8, m?,m? ~ X2 < A2 ~ S, §j, Siji-

Additionally, as discussed in [47], to take the iterated limit directly from the derived triple
collinear splitting functions, we also find it important to take into account the azimuthal
angle dependence with respect to the plane formed by the p; and p; direction. To this
end, we can include the mass dependence in the azimuthal angle construction [47, 49] and
parameterize §;; and 5 as

. T 2cos ¢ - [ TkSa1a20Q
Sik — 8123 + \/xixjsij ( — m? ,

T; + T Ti— X 1—xg

- T . 2cos ¢ - (xS

Sik — J S123 + TiT ;855 (alaQQ — m2> . (51)
.CUi—F.Tj Ti— Ty 1—.73k

Note that the appearance of the azimuthal angle dependence at (’)()\/) is expected given
that the azimuthal angle is related to the transverse momentum vectors, which are them-
selves O(X).



5.1.1 @q collinear limit of Q@ — gqQ

We begin by considering the ggq collinear limit of the Q@ — ¢q@Q splitting function. In this
case, since we factor onto a gluon intermediate state, it is essential to take spin correlations
into account. The leading term in the collinear limit then takes the form

1 1
& - L P- } = _—  P"H , 5.2
qq 8%23 qqQ 5126123 1 9Q,pv (5.2)

where P(%/, given in eq. (A.7), is the spin-dependent g — g splitting function [2]. The
mass-dependent splitting tensor generalized from the mass-independent one given in [9, 48],
H;l’, is derived to be

2\ LM

HYS(2,.5) = Cr ﬁ(l — )" (p,m) - (12_: - ) “;ﬂ . (53)
Here, § represents the Mandelstam variable associated with the massive ‘parent’ quark. The
symbol d"”(p,n) denotes the gluon polarization tensor, where p is the on-shell momentum
discussed below in eq. (2.2) and n is the gauge vector dependence. In general, as expected,
the n-dependence cancels in a gauge-invariant physical quantity. The quantities z and x/|
respectively, signify the momentum fraction and the transverse momentum of the massive
‘daughter’ quark from the @ — g@ splitting encapsulated by the splitting tensor. Finally,
the helicity indices of H{‘”j’/ correspond to particle ¢ and we do not keep track of the helicity

dependence of the parent heavy quark as it is trivially conserved.
Then the azimuthal angle introduced above can be interpreted as the angle between the
transverse momenta in Py, and Hjp, i.e. the azimuthal angle between the planes formed

g
by ¢¢ and the one formed by g(). The contraction then gives us

3 1+ 22 2m?
Pg]u(l'ap)HgQ,,ul/(z>p,7 8123) = CFTR{ 1 - 6(1 - Z) - ~ (54)

—Z S

2 2m?
—21’(1—3@)[1—2—1—2( z —~m>cos2 ]},
1—2 5123

where z and z can be expressed in terms of the momentum fractions x; given in eq. (2.2) as

ry = (1 —2)x, zo=(1—-2)(1—x), T3 =z. (5.5)

Performing the d-dimensional average over the azimuthal angle, this result can be factored
into an iterated product of the spin-averaged Pg, and P, splitting functions. We find

1 1 . 1 -

<<gqq [quqQD = P @) Pyl — 2 8123) = ——— Pr(2) Pyl 5125) . (5.6)
5723 5125123 5125123

where ( ) is used to denote the azimuthal angle averaging procedure. There are no other

collinear limits within the @ — gqQ splitting function which is as singular as the ¢ collinear

limit.



5.1.2 gg collinear limit of Q@ — ggQ

We can apply the same procedure to understand the gg collinear limit of the Q — ggQ
splitting function. Here, the leading behavior is given by

1
. {~P }:~ —— P (x,p)H Z, /,,§
99 3%23 99@Q 3125193 gg( ) gQ,uu( p',5123)
2C0rCx x 1—x
S125123 {( 2l z)<1—az+ x o :C))
2z 2m?2 T 1—=x 9
2(1— 1— 5.7
+<1—z+§123><1—x+ . +2(1—€e)x(1—x)cos gb)}, (5.7)

where the spin-dependent g — gg splitting function P}’ is given in eq. (A.8). Averaging
over the azimuthal angle and expressing the z; in terms of z and z as in eq. (5.5), we
find the factorization

1 1 B 1 -
<C€qq [52 ngQ]> = 5103 ng(x)PgQ(l —z,8123) = 3195 ng(x)PQg(Z» 5123) - (5.8)
123 125123 125123

5.1.3 gQ collinear limit of Q@ — ggQ

The triple collinear splitting function for () — gg(@ splitting also contains singular terms
from the g@ collinear limit. Including the spin information, when quark ¢ is collinear to the
massive quark (particle 3) the factorization takes the form

1 / 1 / / /
% |:~P 683] = — hh Hhh i8S ’ 5.9
9Q 8%23 99Q 5:38193 Qg “qg (5.9)
where Hyg is given in [9, 48]. Here, we begin by keeping the helicity dependence of the
parent heavy quark on both sides. From the collinear factorization structure of the scattering
amplitude, one can show [9] that upon summing over the helicities of the intermediate
heavy quark

S HI S () = Pt (2) = 6% Pyg(2) . (5.10)

Therefore, there is no nontrivial azimuthal angle ¢ dependence for the g@ collinear limit and
the iterated limit is entirely captured by the azimuthal angle averaged case

1 1 x -
<(€9Q { ngQ}> = ——Fy(1 - xj)PQg (1 3xj>5i3>

2 z.z
7123 5i35123

1

T3 .
=—P P, — 5 5.11
535193 gq(ﬂ’f]) Qg (1 xj»sz:%) ) ( )

where we find a product of 1 — 2 splitting functions. As expected, the explicit computation of
the g@Q collinear limit of the ) — gg@ splitting function shows no ¢ dependence. Interestingly,
only the splitting function which describes the more collinear splitting is sensitive to the quark
mass. Still, this provides a non-trivial check on the 1 — 3 splitting function mass dependence.

,10,



5.2 Soft limits

In addition to iterated limits, we can also consider soft limits of the triple collinear splitting
functions. We begin by considering the single gluon soft limit, where the triple collinear
splitting function factorizes into a product of a 1 — 2 splitting function and an eikonal factor.
In the soft limit, the gluon ¢ has momentum scaling p; ~ p~ (A, A\, A) with an expansion
parameter A. The soft scaling then results in the following scaling

T; —r )\CCZ', gij — >\§ija p!j_,i — )\plj_,i . (512)

The leading singular term in the single soft limit then scales as O(A~2). Note that we do not
scale the mass, as doing so makes the mass dependence subdominant.

Denoting the leading term in the limit where particle 7 is soft by .#; [9], the contribution
of the Q@ — ggQ splitting function when gluon 1 is taken soft is given by

2
2'u2692
ygl |:< > Pglng

51923

2e 2

223 523 T 3 2ueqg )
= 2 2€g2 |:~CF + < ~ ~ + = — — ) OA:| — S P x2’ Ga3) . 513
( H S) 1513 512513 1512 T1513 593 gQQ( ) ( )

The first factor describes different eikonal contributions [9]. The result when gluon 2 is taken
to be soft is the same as above, with 1 <> 2. Note that the massive splitting function appears
in the limit, which serves as a nontrivial check on the Q — gg@ mass term.

We can also consider double soft limits [45], where either a quark anti-quark pair produced
from an intermediate gluon or two gluons can become simultaneously soft. In general, when
particles ¢ and j have momenta which have soft scaling in A\, we represent the double soft
limit by .%; [9] and the parameters involved scale as

T = Axi, T; = A\xj, Pl = A Pl = A (5.14)

Sik — Ak, 8k — Najk, 5ij — N5

The leading singular term in the double soft limit then scales as O(A™%). Once again, we
do not scale the mass.

For a soft ¢q pair, we find the following leading behavior in the limit [9, 48]

2
2 2¢ 2
T | 2222 ) P (5.15)
5123
_ (MQE 2)2 8CrTR | w3 512 (w183 —w913)* 5 B
s 5% |z1+m2S13+ 523 (214 22)%(513 + 523)? (513 + 523)2

where the terms in the bracket contains the expected eikonal factors [9] computed from soft
currents as well as a new mass-dependent part. For two soft gluons, the leading behavior in
the limit can be separated into abelian and non-abelian contributions [9, 45]

2
2% g3
ygg [( ngQ

5123

= (3t i o () 4 v s (o <)) e
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where the mass-independent terms are in agreement with the expectations from the mass-
independent part of the soft-currents and are given as

GO (5.17)
1122513523
1799 (mab) _ 8< 513523 122 ) l—e Az ( 2593 n 2wy 2as >
(813 + 823)2 (21 +22)2) 3% T2823 \ 812813 T1812  T1813

_g .’E2§13 + IL’1§23 (1 — € _ I3 ( 2523 i 21‘2 _ 21‘3 ))
(21 + 22) (513 + S23) \ 3% 419593 \ 512513  ®1812  X1513
1623

—— — R 5.18
(x1 + 22)512(513 + 523) (5.18)

and the terms with explicit mass dependence can also independently be derived from the
mass-dependent part [44, 50] of the soft-currents and are given as

1 1 4
V99:ab) — 16 l_m2~x§ ( — +— )+ o ] ) (5.19)
513523 \ 22513 1523 513523
8m?

1/ 99:(mab) _ _ [fES(xl + 22)%812 (513 + 503)

x129 (71 + T9) 512813503 (513 + §23)°
— (:Cl + 112) ((ml + x2)2 — 31‘1562) 513593 + ($2 (3311’2 — ($1 + $2)2>> 5%3
16m*

—— — . (5.20)
513593 (513 + 593)*

+ (:El (Jflxg — (fL’l + $2)2)) 5%3} +
Combined, these limits provide a strong check on the correctness of our results.

6 Conclusions

Splitting functions are universal ingredients describing the collinear dynamics of gauge theories.
As such, they play a central role in nearly all perturbative calculations in QCD, ranging
from fixed order subtractions to jet substructure. While the complete set of ingredients
required to describe collinear limits of massless partons are known to next-to-next-to-leading
order, much less attention has been applied to the study of collinear limits of amplitudes
and cross sections involving massive quarks.

In this paper, we computed the triple collinear splitting functions involving a single
massive parton. Our results are compact, and ready for phenomenological applications.
Calculations were performed both by considering the collinear expansion of the relevant
squared QCD matrix elements, as well as using the soft collinear effective theory with massive
partons. We found exact agreement between the two methods, providing a strong cross check
on our results. Additionally, we considered all iterated and soft limits of our triple collinear
splitting functions, and find agreement with the predictions of factorization.

An immediate application of our results is to the improved description of jet substructure
observables. While there has been tremendous recent progress in the perturbative description
of the collinear substructure of jets, this has been largely restricted to the case of massless
partons. Many applications, in particular Higgs and top-quark decays, as well as the study of
heavy quarks in the QGP, necessitate an extension of these results to heavy flavor jets. Our
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calculation of the triple collinear splitting functions involving a massive parton enables the
calculation of the three-point energy correlator on heavy flavor jets, which will be presented
in a companion paper. We anticipate that this will significantly expand the scope of the
precision jet substructure program, providing exciting new ways to study QCD dynamics.
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A Additional perturbative ingredients

In this appendix, we collect several additional perturbative ingredients related to the triple-
collinear splitting functions, and their limits.

The massive 1 — 2 splitting functions appear in the iterated limits of our results. They
were computed in [18], but we reproduce them here for completeness. We use the notation
P;j(x), where z denotes the momentum fraction of parton i. The spin-averaged 1 — 2
splitting functions are given by

. (1 + 22 2m?
Poy(x,5) = Cr T —e(l—a:)—g] , (A.1)
(14 (1 - 2)? 2m?
Pole,s) = Cp |10 Z2° ’7] , (A.2)
I x 5
(1 4 22
Pyy(z) =Cp P e(1— x)] , (A.3)
(14 (1= )2
Pyy(z) =Cp +<:Ux> - ea:] , (A.4)
: 2z(1 — z)
x 11—z
Pyy(x) =2Cy T + . + (1 - :c)} , (A.6)
and the spin-dependent splitting functions are given by
P (x,k) =T, Y+ 4x(1 Kik] A7
(jq(x7)_R_g +$( —l’) ki ) ()
H.v
" _ o x 1-— a:) B _ _ k' KY
Pl (w,k) =2Cx [ g <1 — + . 2z(1 —x)(1 —¢) 2| (A.8)

B Q — QQ'Q and Q — QQQ splitting functions

In this appendix, we also present the triple collinear splitting functions involving multiple
heavy quarks as external states. Following our notation from the main text, we first consider
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the case where the daughter quarks @’ with mass m’ are a different flavor than the parent
quark @ of mass m. The mass-independent piece is the same as eq. (4.2), up to a prefactor

32

S
(512 + 2m'2>

The mass dependent terms are
CrTgr
2
(512 + 2m’2> (z1 + x2)°

MQ’Q’Q = { — 2m'2 { (513 + 523) [e(xl + x2)3 -2 (.’El(x% + 1)

+ zo(23 + 1) 4 z122(271 + 229 — 1))] + 2313 (2;13% + x%) + 2393 (233% + x%)
— 81973 {(26 — 3)(1‘% + 1‘%) + 4(931 + .%'2) + (46 - 2)3312?2} } - 2m2§12 (931 + .%'2)2
— Am®m’? (w1 + 22)% + Am' 2 [e (z1 + 22)* 4 2 (2122 + 23 (21 + 22)) } } . (B.2)

We also consider the case where all three quarks are the same flavor and massive. This
involves another diagram which is the same as figure 2(a) up to the exchange (2 <> 3). The
full splitting function is then given by

_ _ I (id)
PQ1Q2Q3 - [PQllQéch m/—m +(2e 3)} + PQ1Q2Q3 ’ (B.3)
where ng)Q represents the interference contributions, which are given by

(d) _ 1 512513 (2523 )
RQQQ =CF (CF 20A> (512 + 2m2) (513 + 2m2) { (1 6) < S12 ¢

S1o3 | 1+ ZE% 29 (1 — 1’3)2 219 9
— _ 1 _ _ 1—
§12 1—562 1—$3 ¢ 1—.’E2 + +$1 1—563 ¢ ( $3)
32 2
— =7l —e(1+T—— =) 2| b+ (24 3), B.4
2812813 (1 — 33‘2) (1 — Z‘g) 1— T3 ( ) ( )

1
L Cr (Cr = §Ca)
REQ (512 + 2m2) (§13 + 2m2) (1‘1 + .%'2) (1‘1 + xg)
— $2(4IL‘2 —5) — X3 (l’§—|—4l’3—5> —2—}—6(2%’21‘3(1‘2+l’3—2)+21’2(l‘2 —2)

{ — m2 [512 [.1‘21‘3 (2 — 21‘2 — 31‘3)

+ x3 (x% + x5 — 3) + 3) — & (@1 4 x2)? (21 + mg)} + 513 [zow3 (2 — 223 — 322)

— x3 (4x3 — 5) — x9 ($§+4$2 —5) — 24 € (2zox3 (x2 + x3 — 2) 4 223 (23 — 2)

+ 9 (m% 4+ 29 — 3) + 3) — € (x1 + ZE3)2 (1 + 172)} + So3 {:1:2 (7 — X9 — a:%)

+ 3 (7—x3 —w%) — dxows (x2 + x3) —6+e(w%(:):2 —2) + a3 (23— 2)

+ 39wz (12 + 23 — 2) +2) 4+ € (21 + x2) (21 + 23) (T2 + xg)] }

+2m? [932 (dzg — 5) + x3 (dzg — 5) + xox3 (T2 + 3) + 2 — € (229 (29 — 2)

+ 205 (w5 — 2) — 2122w + 3) + € (21 + 1) (w1 + 23) | | + (2 3) . (B.5)

We find agreement between our results and those of [37].
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C g — QQg splitting function and iterated limits

We also consider the splitting process of a gluon into a gluon and a massive quark pair. Given
that the parent particle is a gluon, the spin information is non-trivial and we present both
the polarized and spin-averaged splitting functions. We decompose the splitting function in
terms of Abelian and non-Abelian contributions which have the color factors

Ph% = TrCpPhY! @b) 4 ppc ng(g“ab). (C.1)

It is less straightforward to decompose these further into mass dependent and independent
pieces since we now have mass dependence in the denominator coming from the propagator
of the gluon which splits into the massive quark pair, so we present the full Abelian and
non-Abelian terms. The results were independently calculated in both the collinear limit of
QCD as well as in SCET);. In what follows, the massive quarks are particles 1 and 2, the
gluon is particle 3, and the Mandelstams are as defined in eq. (2.3)

phv (ab) _ g l2§123§12 + (1 — €)(3123 — 512)* o om? (5333 n S123 2512 )

QQyg 5135923 S13 §223 513523

1 1 8m? ~,~,  8m? -~

— 4m* (~2+~ ) + = FIRY + = Rk
Si3 823 533 513

4(1 — o~ AFj93 /-
_ A= o)sias [ (k"k2 k:“k”) (C.2)
513523 513523
pov (nab) _ o [ T3512 + 313 ((ZL"3 T2)S12 — ¥2513 — 7 (2€w3 — 21 — X2) S23
QQg 213513523

(3:0% —bx3+ 2)§122 (21:% —3x3 + 1)($1§23 — $2§13)§13
2(z1 + x2)%s12523 2x3(x1 + x2)%s512523
512 ((@(2 — 3x3) + x3(2x3 — 1))S13 + 5 (7x3 —11lx3 + 6)323)

2x3(x1 + x2)S12523

(35811‘2 — 561(1 — 2%1) — .’Eg(l — 21‘2)) §122 (l‘lggg — ZL‘2§13)2
(1 + 22)%s7 (1 + 22)%s%,
2 ((3 — :Ez(l — 21‘2))1‘3 + l’%(l‘z — 4) + 2:17% — 1) 512813

i w3(21 + 22)%sT,
4 m? x3(8123 + 512) —4(z2 + w3)513  (22(2 — 3a3) — 23(1 — 223)) S13
223513523 r3(z1 + 22)512523
a3 —1la3+6 (2 - 3w3)512(513 + 523)
2x3(x1 + 22)s12 (w1 + 22)512513523

" 4 ((4 — .1‘1(3 — 2%1))1‘3 + 3x§($1 — 2) + 3.%% — 1) 513
z3(71 + 12)283,

4 (3.%'1332 — .%'1(1 — 21’1) — .1'2(1 — 2332)) §12
(1 + 22)257,

2m' 32 5wz +2  2(wi(1 —2m1) +wa(1 — 2m9) — 33;1;52)] }

(1 + 22)? 512513 5T
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T3 ((812 + 2523) S123 + 4m2§23) — (1 — 1‘1):513(812 + 2523)

23512513523

' { Ry
B 2 ((351 (.’El — xz) — 3333(x1 + 1‘2)) 8123 + (931 + xg) (2x3§123 + (.771 + $3)(§23 + 2§13)))
x3(21 + 22)512513

4 ((x1(x1 — x2) — 2x3(x1 + 22)) S123 + (1 + 22) (235123 + (21 + 23)(S23 + 513)))
z3(21 + 22)sT;

r35123 — (¥1 + x3)§23] T [6 (sTo3 + (513 + 523)(S13 + 523 — 23103) — 4m2§13)] i

- =~ = 2y — 3™3

3513523

_|_

512513523

n l$1§23 + 2513 . 2 (1523 + x2(S23 — 512)) n 2(2z122 + x1(1 — 21) — 22(1 — 22)) S123

73513523 73512523 r3(r1 4 72)512523
n 2 ((x1 4+ x2)(513 + 523) — 235123) n 2(21(2 — 321) + 22(2 — 3x2) — 22122) S123
T35%, z3(z1 + 22) 8%,
2m?2 <m1(x2 + 3x3) + x2(x3 — 2) N 3xoxs — x1(11 — T2 — :1:3)) 1@%,}
z3(x1 + T2) 512523 512513 L
 [comtea ) i 200 G ), s
512513523 513523

where the k; are the boost-invariant transverse momenta

3
"y
K=~ =5 ‘Zpij- (C4)
j=1Tj j—1

The spin-average is performed by contracting the polarized splitting function with the
polarization tensor for the parent gluon

1 v

~2 ~
2
la) ={gf;§323(1+$§—w> ook

1—c¢ 513
S 2
- (1 et 20y — ATt Ts) x3)>
813 1—e€
2m? l—e—2r1(1—m11) 1—e+2(1—¢)ad—2ma0+71 +72\ -
— = — — = S
(1—%¢) 53 513523 .
N (1 —e—2x1(1 —21)) 513 N 1 —e—2ex3(1 — 2x3) — 2(23 + 23)
533 523
4m* 12 —e—221(1 — 1—€)a3
- cm2nllzm) (A=dzl g ) (C.6)
(1 — 6) 523 513523
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P(nab) _ _ t%g,g 8%231'1 (1 — w3)3 — (L'g _ 2{51(1 — 1 — 2%21‘3)
45%2

QQg 2§13312 .’1;'3(1 — xg) (1 — 6)%3(1 — 1'3)
5123 1 2562(1 — 332) )
+ —(1 -2 (1 + -
2313( ) x3(l —x3) (1 —e€)xz(l —x3)
5123 1+ l’g xg(:vl — .732)2 — 21:1%2(1 + xg)
2812 x3(1 — :ZJ3) (1 — 6):63(1 — xg)
1 e 5%23 9 X3+ 2x1T2
—_ 4 1 _ e n e
1732 2513§23< L A g )
m2 28123 1 2%2
5— 34
+ (1 — 6)5%2 §13 123\ *2 373(1 — xg) + 1-— I3 2
1+ 22 _ T+ ex To(rs — 2 ~
+ 3+2e—1>+323(2x%— ! . 2(s )> + 45903
T3 T3 T1 + T2

) B (22172 + 3 + €) S39q

1
+ 8123 (4x§+z3(4x2—1)—4x2+—3—2e _
€ 513523

3
4 2$Q(SC1 — 1,‘2)(1 — 6) (812 + 2§13)
(x1 4 x2)?

(1 — @2)°
(1 — 6)§13§23 (xl + 562)28%2

+m4

} +(12). (C.7)
Once again, we find agreement between our results and those of [37].

C.1 Iterated limits
C.1.1 Collinear limits

This splitting function also has non-trivial iterated limits which make contact with massive
1 — 2 splitting functions and therefore serve as a check on our results. We expect two
collinear limits, one when the quark pair is collinear and another when the gluon is collinear
with one of the quarks. These correspond to factorizing on a gluon and a (massive) quark,
respectively. For factorizing on the gluon, we need to consider spin correlations. For the
case where the gluon is collinear with one of the quarks, we can work with spin-averaged
quantities. We further note that in order to access all of these collinear limits, we need to
scale the mass since all the propagators we are factorizing on are sensitive to the mass.

We first discuss the simpler case of the collinear quark and gluon. Here we need not
consider spin correlations and upon taking the collinear limit, immediately find the product
of spin-averaged 1 — 2 splitting functions. The 1,3 and 2,3 collinear limits are found by
scaling Mandelstams as follows. For i,j collinear

~ Ty
Sik — 8123 ,
€Ty Zj
~ ;i -
Sik — 5123 . C.8
o (C8)
We then perform the scaling
gij — )\2 gij R m-—=Am. (Cg)
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Leading terms in the limit go as 1/A\? and are given by

1 T;
. P — P (x;) P, — 5. C.10
< 9Q { QQ9}> 535123 qq( ]) Qg (1 ey 13> ( )
As we’ve seen before, the mass dependence only comes from the more collinear splitting.

In order to study the collinear quark pair case, we need two spin-dependent quantities
that we have not encountered before. The first is the splitting tensor for the g — gg process.
This is given in [10] as

- ko kS K kY
Hozﬁ,,uu — 920 au  Br av  Bu 4 prviLvE 1— J_daﬁ C.11
Al2 (99" + 99 )+71_Zg W Z( )kz , (C11)
where the polarization tensor is defined in terms of the collinear direction. The other object

is the massive, spin-dependent g — QQ splitting function. This is

2\ K

PS%(Z, s)=Tg [—g"” + <4z(1 —2z)— 47::) k%k_l] : (C.12)

Contracting these objects into each other (as well as averaging over the polarizations of the

initial gluon), the cross terms between the perpendicular momenta give a dependence on the

angle between the planes of the two splittings ¢. We obtain the product of spin averaged 1 — 2

splitting functions by averaging over ¢, which in d-dimensions amounts to cos? ¢ — 1/2(1 —¢).

We can find this result from the 1 — 3 splitting function by replacing the Mandel-
stams with

< Ti 2cos ¢ T3 - e . —_—
Si3 — P S123 + P 5123 (x,x]slg (z7 +z5)m ) . (C.13)

Making this replacement and performing the scaling 512 — A? 512 and m — Am, the leading
term is O(A~?) and depends on ¢. We obtain the product of spin-averaged splitting functions
by averaging over this angle

1 -
<%QQ { PQQ9}> - %ng(ff?,)PQQ <1x3, 512) (C.14)

C.1.2 Soft limits

Here we have a single soft gluon limit. In this limit, we find the ¢ — Q@ splitting function
multiplied by an Eikonal factor. The Eikonal factor is

2Cr (. Sl +52 T2 T S19
S3=——— (5o —m?B 2 L 0y — =, (C.15)
513523 513823 xr3523 3513 513523

such that in the limit, we find

2
2M26 2
P _
3 {( o ) QQgs

This agrees with the soft gluon current in [9], assuming that one takes s;; — 5;; = 2p; - p;.

2 2¢e 2
= (2u*g%)Ss ’;298 Py (@, s12) - (C.16)

Furthermore, using s1; = so0 = 2]912 = 4m? one reproduces the mass dependence seen in
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this result. In particular, we have the following for the soft gluon limit of a generic 1 — 3
splitting process [9]

2
2’u2eg2
8% 5 Pys
3 < $123 QQg3

2Iu26g2
= 1*g; {Un;ng + Usg3T5 + Ung3(Th — TT — Tg)} T;PQQ , (C.17)

where T% is the Casimir for the parent parton and

T, x S
Ujpg =2 [ L+ 2 - 23 ) (C.18)
TySj1 XSkl SjISkl

We also expect some kind of double soft ¢ limit, since this exists in the massless limit.
That being said, if one naively applies the double soft scaling we’ve used elsewhere, there is
no singular behavior in the limit. This is expected since the singular behavior here should
be coming from the factor of 1/s%,, however this is not singular if we don’t scale the mass.
If instead we apply the double-soft scaling

fEl*))\SCl, 1‘2—))\.’E2, gig—)Agig, §12*>)\2§12, m%Am, (019)

then one finds the following

2
2u°g3
Z06 ( Podgs

5123
8TrCy x3 512 (21523 — 12513)*
= (g2t _ o 5 (C.20)
812 x1 + 2 S13 + S23 (331 + SCQ) (813 + 823)

This is what one expects in the massless case, up to sj2 — s12 [9].
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