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Problem 1

g1 01

g2

a3

41 am
Figure 1:Point groups 4mnand 3m

Let’'s compare point groups 3m and 4mm.

e In 4mm, oyand ozarerelatedby the 90 degreerotation of the 4-fold axis. Saidanotherway, by placing
in oy we obtainosby the operationon the 4-fold axisonit. But you alsogeto,ando,whenyou combine
o1 with a perpendicular rotatioaxes using the combination relations we discussed in class.

o1 e Az =0y  with the angle between thganes being 90/2 or 45 degrees
o1 e A, =03 we already had this one, another mirror 90 degrees away
oL@ A%T =04 Wwith the angle between tidanes being 270/2 or 135 degrees

Therearethentwo distinct setsof mirror planes:o1& osando2& o4. Theaetwo setsarenot equivalent
sincethe operationof the rotationaxis (4-fold) will nevermapthe two setsto the samelocation. Thuswe
call this group 4mm.

In 3mwhenwe placein thefirst mirror plane, o, we gettwo moreplanesdueto theoperatiorof therotation
axis. (cpandos). Butlike Ammwe shouldalsoseeif the combinationof the operationf therotationaxis
and the mirror plane produce any more mirrors.
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5 with the angle between th@anes being 120/2 or 60 degrees
3 with the angle between th@anes being 240/2 or 120 degrees
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But we alreadyhavetheseplanesdueto the operationof the 3-fold axis. Therefore thereis only onekind
of distinct mirror plane here, and we call this group 3m.
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Figure 2:The pattern of motifs associated with point group 4mm

(b)

4mm consistof the following operations:{Ag, A, A%ﬂ, Asr, 01, 02,03, 04}. Thegroupmultiplicationtable
would look something like this:

([ A [ A [Ax [Aa [0 [0 [ o0 [ o]
s || Ar | As | Ao

A A% 02 03 04 01
ATr A%\— Agﬂ- A% Aﬂ- g3 04 g1 ()
A%r Agﬁ A% A.,r A'%r g4 01 () 3
Agﬂ- Ag Aﬂ- A3T7T AQW g1 g9 03 g4
01 (o} g3 g9 g1 Azﬂ A327r ATr A%
g9 g1 g4 g3 g9 Ag Agﬂ- A%r ATr
g3 g9 g1 (o} g3 Aﬂ- Ax Agﬂ- A;Tw
(o) g3 g9 g1 g4 A377\' Aﬂ- A% A27|—

In constructinghetablethe orderof operationghat| usedwasfirst | performedthe operationin theleft column,

thenl performedthe operationfrom thetop row. Thisis importantto notebecauseot everysetof operationsan
commute For example (see figure 3 on the next page):

A% 00’1750'1014%

Does this meet the three requirements needed to define a group?

1. Every combinationof elementds alsoa memberof the group. This checksout. Whenwe completethe
multiplication table, we only see members of the gratye.do not get any new operations.

2. For everyelementthereis aninverse. This checksout too. For everyoperationin the group we can find
another element for which when you combine them we get the identity elemeght (A

3. Theidentity operationis present.Okayhereaswell. Lookingat the multiplication table we can seethat

Asris out identity elementsince any other elementcombinedwith A, givesus the elementback again.
(A27T.X = X)
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Figure 3:The order of operations is important
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There are 8 motifs in the pattern and the rank of the group (the number of operations) is also 8!
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A rotation of 90 degrees}() about zwould look like this:
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Figure 4:A rotation of 90 degrees about x

So the transformation of the axes would go something like this:

le = —XI3
xy = X9
rh = -1
And the direction cosine woulldok like this
0 0 -1
Cij = 0 1 0



(b)

A reflection in the %-x5 plane would look like this:

Figure 5:A reflection in the x-z5 plane

So the transformation of the axes would go something like this:

Il = 1‘1
Ty = To
xh = —x3
And the direction cosine woulldok like this:
1 0 0
Cij = 0 1 0
00 -1

(©)

Lookingdownatacubealongthe[111] directionwe would seesomethindike thefigurebelow. (This view makes
it easier to see the 3-fold symmetry possessed by a cube).
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Figure6: Rotationby 120 degreesiboutthe[111] directionof a cubic crystal. The triangleidicatesthe location
of a 3-fold axis.

So the transformation of the axes would go something like this:
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And the direction cosine wouldok like this:

Cij =

_ o O
S O =
O = O



Problem 5

Inversionwill takexyz andtransformit into zyz. Soto getour directioncosinefor this transformatiorwe can
write:

/ —_

Ty —X
xh = —I9
xh = —3
And the direction cosine woulldok like this:
-1 0 0
Cij = O —1 O
0 0 -1
We canseefrom this thatif ; = j thenc;; = —1 andif ¢ # j thenc;; = 0. This makesthe transformatiormuch

easierWe can write:

/
0,5 = CilCjmOij

Tl = CiiCij0i
oi; = (—=1)(=1)oy
ij = 0ij

Which doesn’t place any restriction on the form of the second rank tepsor o



