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Quickie dnv%n:ion of the Nernst equation (Weird, but solid as a Tock).

Firse, lets consider condicions. We have two chambers separated
by a membrane. The chambers have different concentrations of an ion

(say, potassium, K*), The membrane is permeabla only co ions. (It
has special holes that only K* ions fit through.)
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Chamndine 1 ¢ gt~ W
{[l"’h ® potassiua ion concentratiom in chamber 1

Under these conditions, there will be a voltage AV across the
zeabrane. Howv does it arise? There is & net diffusicm of X* lons frem
high concentracion (chamber 1) to low conceatratiom (chamber 2). 1If no
other force vere presenc this would concinue until the concentraticn in
both chambars ware-equal (makes- sense, huh?). Hovever, this process
never goes that far. When a few K" fons diffuse from chamber 1 to
chamber 2, they create an excess of (+)charge in chamber 2. This Creatas
the voltage difference and an equilibrium vill be reached when the
tendency of the ions to diffuse down the concentraticn gradient is exaccly
counterbalanced by the tendency of the voltage gradiest to push them
back. Maybe a potential energy diagras will halpt
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At equilibrium (rata of ion flow from 1l to 2 = rate of ion flow froam 2
to 1), the potential unergy per ion must be equal i{n both chambers -
(otherwise ioans would flow down the "energy hill' and there would be cet
diffusion). You can see from the diagram that equilibrium occurs when
AU (chemical) =9 (electrical), i.e., when an {fon going across the
wmembrane from chambar 1 to chamber 2 loses exaclly as much energy going
up the voltage "hill" as it gains going down the concentration hill.
So the big equation is:

AU (electric) = AU chem (1).

What we have to do now is calculate the AU's and plug them in.
Let's start with the hardest, 4¥ (chem). 1It's very difficult to decide
how much work it would take to conceatrats a bunch of ions in solution:
if you try to squash them together mechanically, the water gets in the
vay. Lat's try an easier problea (which will turn out to be equivalent)
concentrating ions in a gas.

Let us imagine a gas of K* ions. Impossible, you grumble. No
matter, I wittily reply. A gas is & gas; they all behave the gas law
PV = nRT, and impossible ones will obey it too. This gas is particularly
strange, since all the particles are electric charged, but we will worry
about electric charges sesparately, in the AU (electric) parc of the
deviation.

0.K., ve havo A30les of this gas in a piston, ve 're going %o concea-
trate it by squaahing it from an 1n1:1a1 volums ¥] to a final voluxe X3.
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We wvant to find out the change in potential energy involved in the
squashing. Ve know from early on that:

W= AUs=-FS (2)

‘W = work

AU = change in potential energy

F = force

AS ce :htcugh which :hn forcc acts.

Tﬁ' k: a step in ‘the ridhe direction, since we're applying

a force th!bu;h s distance. There are, however, two complications.

(a): Equation 2 is for a uniform force. Nots that as we squash tha
gas its pressure will increase and it will be harder and harder to squash
ic further, so F is not a constant, it's a function of distance. we
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could get around this problem by chopplng up A4S into a lot of litcle
lengths, ds, finding the forcs F(s) at each of them, multiply’ng the
force thers Dy the little pisce, ds giving a small increment dU, and
adding up all the lictle dU's to get the total change AU.

old rule 4u =-F.AS

new rule: AU = =fdu = =LF(s)-ds --f?(s) ds

e
We know that the easy ﬁ‘a‘; to sum up such little pieces is to intagrate,
so the new rule (for ngg.—conun: forcas) is

AU = S;r(a) ds _ (3)

So far so good. The other complication is(b) Ve've talked in terms of
force 7 and distance. But the gas law is vrittea in terms of prassures
and volumas, i.8. :

FY = aRT ] (4)

P = Prassure

X = Volume -

n = aumber of mocles of gas

R = a constang, the "gas lav constaat"
T = Temperature, in ‘Keslvia

How do wve get from forces to pressures and so forth? By cleverly
noting that pressure (ia nevtons/dnd) = Force/Area and Volume =(distance)
x area (of piston). If ve divide Porce by the area (of the piston) and
nultiply discance S by area (of the piscton) the product remains the same:

AU = -F:AS = ~F/A:AvAS = -PAT
Similarly for our in:,c.gul expression:
U= Fds= [T/AMds - |PoaT ($)
%



The hard part is over. The rest is a macter of arichmecic.
We want to express the change in potential energy in terms of the {nirial
and final volume. Let's solve for Pressure using the gas lav and plug
the expression into the equation.

PY = nRT (6)
P = oRT
v

Substicucing (6) imzo (5
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Now the integral ! dx is tn x, so the in:cgrtlgt dT = ta T, 0 the
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expression ia (7) is AU = -nn'fg- -aRT(Ln !’]& s -aRT (La¥; 22 TWy)
T
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-nRT tn D
N

Note that this {s begianing to look liks the Nermst equatior, with
R and T and fn. It looks like we're on the right track. Next we have
to go from volumes to concentrations. That's not hazd. If we hi’/e
N moles of gas in a liter of volume and we squash it to half a li:er,
ve doudble the concencration. In fact, in geaneral

V = counst (9
(KF)

[Kf] = concentration of potassium fons in moles/liter

Substituting (9) inco (8)
AU = -RT ta °°°'=/|5:l2 = -RT fa lé;lx (10
coust/ | 1 (&1,

Next ve go from a gas to a solution. Lat's dissolve n mole of
K* {ons at concentragion [t*] into vater. There vill be a chan a of
potential energy AU,Solution %v-ry negative - the naked K" ions ‘- culd be
extremely happy to get into the vater). You need to know one th 1g
(definicion) about an ideal solution vhich is chat the solute (K ) ions
interact only with the solvent (H-0) molecules, not with each ot 2r.
Diluts solutions of ions are nearly ideal solutions, so the rule above
1s a good approximation. (Each fon is surrounded,by 3 hydracion shell
of watear molecules, as you learned ia Ches 101-102)
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What the rule sllows us to say is that AU for dissolving n molss
of K" fon is a function only of the numbar of ions dissolved, not of the
concentration. (AU 1s just the sum of a lot of small AU's corresponding
to the energy of hydratica of each K* ion. e valus of the lictle
AU {s comcantration independent, since the KY* fons don't talk to each
other. Therafore AU for dissolving a concentrated K" gas in water,
forming & concentrated solution = AU for dissolving a dilute Kf;gas to
form a dilute solution.

What this means is that AU (chem)for concentrating an ideal gas
is the same as AU (chem) for concentrating an ideal solutioca. To
{1lustrate this, ve need a path diagram for the four states with various
AU's in betveen. :
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What ve just said above is that AUy = AUc (concentration - indepen-
dentg). It follows thac 4U, = AUp because changes ia potential energy aU
to_get from one state to another is the sase regardless of the path one
takes. One can go from a dilute gas to a concentrated solution either
by concentrating the gas and thean dissolving it:

AU = AUy + AUg ' y
or by dissolving the dilute gas and then concnncra:ing’;hd’;olu:ion
AU = AUy + AUp
Since U is the same in each case
AU, + AUp = AUg + 4Up (11).
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Ve sho:]d that AU, = AU Subtracting these ¢
* qual quantiel £
boch sides of eq. (1l1) 31v..c q es froa

as I asserted above. Now we have already calculated the magnitude of
AH, ,the energy expended in squashing a gas (see equation 10). Therefore
weAknow the energy involved in concentrating o moles of a solutionm

AU (chem) = AUp ==nRT la [K*], : (13)
(K71, .

So much for the chemical energy part of the Nernst equation. How
about the electrical part? From the definition of electrical potential
(and voltage) in lecture 1,

AU (electric) = q Af - q-V (14)

{q = charge transported across voltage
¥ = electrical potential
V = voltage = potential differencs.

We need to knmov the charge on n molas of K fons.

q=ne?

a = aumber of moles of {ons
2 = charge per iom (2 = ¥1 for KN.
F = Faraday's constant = charge (ia couloumbs) on 1 mole of electrons.

so AU (electric) = n g PV (15)

The simple equation ve started with wvas
AU (electric) = AU (chem) )]

for transporting o moles of ions from chamber 1 to chamber 2. Now we
know both tarms [equations (13) and (15)] let's plug theam in

a s 'V s <aRT La [r*ll (16)
(&¥12

Solving (16) for the voltage:
V= -RT ta E:"},

Hot daan! The Nerast equation.

Note A. We did it here for K* {ons  bur chat was just to give you
a concrate (and familiar) example. The is general for any ion
(provided the membrane is permeable to"tRal”ion only) and to chambers
of any configuration (in the Squid axon chamber 1 is the inside of the
nerve and chamber 1 {s the outside).

Note B. -RT tn X 2 -58 wV-log X
114

for # = 1 and T = 25°C. (Dr. Gelperin already announced this.)




Note C. There is often a problem in the sign of the voltage (measured from where
to where?). You can get around this by memorizing conventions, or by reviewing
the initial consideration which led us to expect the voltage. The region of
concentrated (+) ions will be negative because uncompensated ions will diffuse
down the concentration gradient creating a region of net (+) charge someplace else.



