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FURTHER CONS1DERATIONS OF F1XED-COEFFICIENT MODELS

In the preceding paper, "The Effect of Fixed Coefficients in

' Overpopulated Areas," (ltaly, Economics 7) a number of theoretical exsmples

wers constructed to illustrafé*;;ﬁe of the consequences of widespread
fixed technical coefficients of production. Even the simplest of these
examples was useful in giving insights as to the i&piicationg of limited
substitutability of factors. However, the theory requires further develop-
ment to provide more descriptive conclusions which are, perhaps, better
suited to testing. The present paper is intended to take several more
steps toward a complete analysis,

Section 1 will revise the anslysis of Section IV of the preceding
peper 1in which a model was introduced and discussed composed of a fixede
coefficients sector and a variablé coefficients sector. 1n order to avoid

problems related to a changing composition in output the first approximation

'used assumed that there was only one good, producible by either the fixed

coefficient method or the variable coefficient method, There were inadequacies
in the original presentation whose correction will enable a more general
treatment and additional insights in this restrictive example.

Restricting the two sector hypothesis to the case of a single good,
while simplifying the analysis considerably, also rules out problems which
should not be ignored. 1t is, therefore, necessary to extend the treatment’
to ths case where the fixed coefficient and variable coeffici;;t sectors
produce different goods. This will be done in Sections 11 and 11I of this
paper. Section 11, though perhaps of some interest in itself, is intended
mainly as a simplified version of the problems discussed in Section 11ll.
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The geometrical techniques used can be made rigorous and may be of
considerable help in apprecisting the elements of the situation. They
cannot handle, however, all the questions which can be asked about even
such a simple system. Thus, this paper does not yet represent an exhaustive

analyeis.

I. A One Good, Two Factor Case of the Hypothesis For Underdeveloged‘Aroas.
The discussion of the model, in which in some industries only a few
alternative processes of production are available while other industries
are characterized by variable coefficients, has been initiated under the
assumption that all industries produced the same product. 1t is possible
to construct more comprehensive diagrams of this case than those developed
. in the previous paper (Figures 2 and 5). These can in turn be specialized

I3

:to illustrate conditions which may be particularly relevant for underdeveloped

-~ jareas. To begin suppose that the constant product lines of the fixed-coefficien

1 - -
" industries are represented by the heavy lines X5 X55000 and the constant product

lines of the variable coefficient
industries by the lighter
lines xi, xé,...‘ | Cavzzal
The output x1 could
be produced by the factor
combination and technique
~ represented by point 1 or

any of the factor combina-

tions using the variable

proportions technique

represented by the line xi, o

Labor, L

1. Eithongh the constant product lines for the fixed-coefficients sector are
drawn in Figure 1 as if ohly one process is available, the demonsztration is
perfectly general and its implications are applicable when more than one
process is awailable for the fixed-coefficient industries,
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Moreover, follecwing the reasoning on page 5 of the preceding paper it is

also possible to produce X by simultaneously using both the fixed coefficients
and variable coefficients t.echniqueg. A1l of the lines which could be drawn
from point 1 to line xi represent a combination of methods which would

produce output X3 all such lines fall between the lines al and 1b which

1l
are drawn from point 1 just tangent to line xi.

Figure 1 not only contains both of the cases considered separately in
Section L of the previous paper but several vériants of each case. The
tefficiency locus" for specified outputs can be traced out by determining,
for given amounts of one of the factors, the 4minimum"amount of the other
factor necessary to produce the vutput. 1f thia 3@ ':\done' for output X,

“when very little labor is available it is best H-produce by use of the
*’ivariable coet{icients process alone; a represenfative factor use for this
‘case is at point P, As more labor becomes available the minimum amount of |
capital required to produce X is found by sliding down the variable
coefficients equal product line to point a. It was pointed out above that
line al represents different combinations of the varisble coefficients process
located at a and the fixed coefficients process. When the labor available
is further incressed, the minimum amounts of capitsl necessary to produce
X, is found by moving along line al. As labor available is still further
increased the line 1lb is the next segmént of “the efficiency locus used,
fc;r reasons analogous to those given for the use of segment a1, Finally,
when labor 1s increased beyond the amount available af point b, again only
the variable coefficients method should be used to produce xl'

Output x; could also be produced by process combinations and amounts

of factors which do not lie on the efficiency locus, of course. Line pl

represents a series of such combinations, using in varying proportions the

I, T am indebted to Prof, R, Solow for the criticism of the previous paper
which led to this reformulation,



b=

variable coefficients processes located at p or n and thé fixed coefficient
process located at point 1. Any combination of methods along mnl, however,
would result in higher‘costs for x than a method found on the efficiency
locus; methods along pnl could also be used to produce larger amounts
than xi. Of course, many lines like pnl could be drawn between al and
the vertical portion of the fixed-coefficient X iso-product line and,
analogously, between 1b and the horizontal portion of the fixed-coefficient
iso-product line. Lines like lm, of which many could also be drawn, represent
combinations of methods which would also produce xl, but require more of
both labor and capital than points on the efficiency locus; line lm illustrates
the case in Figure 5 of the preceding paper. The boundaries of lines such
a8 1m are the vertical and horizontal portions uf the fixed coefficients x
iggeproduct line, | .

Figure 1 embodies the constant returns to scale assumption for both
the fixed coefficients and virisble coefficients method. This is not
necessarily the most realistic or relevant assumption, however, nor does
the relative position of the two types of curves, or the shape of the variable
coefficients isoquants necessarily correspond closely to reality. 1t is
useful to recognize othér,.special cases which may have important empiric#l
significance. In Figure 1, for example, only the extremes of the iso-
product curves of the variable coefficients process were a part of the
effiéiency locus for any particular output, and, as drawn, relativel& little
substitution was possible at such extremes, ’

Figure 2 depicts & rather different possible situation from that in
Figure 1 in which the "efficient" iso-product ridge lines follow the
variable-coefficients lines so as to allow éubstitution of factors over a

considerable range.
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The effect of different
rates of return to scale on gs’fg!
the shape and. slope of the
equal product ridge lines
is illustrated in Figure 3
for one possible set of

relations. In the fixed

coefficients process it is . Labor. L

assumed that there are increasing returns to scale. (Shown by decreasing
distances between x,, x,, x, along any ray from the origin). In the variable =

coefficients method constant 7 3
Capital - _figure 3
returns to scale are the rule K : :
. \ ,
\ x3 x3

(Shown by constant distances I

\
betugg;; xl, ', x' along a A% P

- ray “fom the origin). In

' this example, the efficient > kx‘;

isoeproduct lines change

their shape as svutput ia

increased. For output xl Labor L
only the bariable coefficients equal-product line is relevant. For output

12, the "efficient"” iso-product ridge line involves use of both the fixed
and variable coefficient techniques. Finally, for output x3 , only the
fixed-coefficient technique is "efficlent” and the ridgé lines involving
the variable coefficient method necessarily have é positive slope.
Figure 3 provides the formal basis for some deductions which would
be obvious even without it., Changes in factor prices which might induce

shifts in the proportions in which factors are used st one scale of output,



b=

at another scale of output may not induce such shifts or may only produce
smaller shifts, Likewise techniques of production not feasible at one
scale of production may become mandatory for efficiency at another scale.

In both Figures 2 and 3 it is particularly clear that in order for
the system to travel along its most' efficient production isoquant it is
necessary that factor prices be flexible. Factor price rigidities would
meke parts of the efficient equal product lines unattainable for profit-
maximizing businessmen,

1I, Two Goods, Two Factors, Two Fixed-Coefficient Sectors,

The assumption that the two hypothesized sectors produce the same
commodity has been only an extremely crude first approximstion, intended
to set out the basic hypothesis in its most stark form. Analysis of the
gensral case in which a number of different comrodities are produced by
both the fixedecoefficient and variable coefficient sectors will have
more pgactical relevance but, at the same time will be more difticulta
As an 'intém@i:ate step in which the relations involved remain fairly obvious,
it will be.mé.stsumed that only one good is produced by the fixedecoefficients
sector and one, different commodity in the variable=-coefficients sector,
Restricting the analysis in this way will make it possible to continue to
rely on graphical demonstrations by extensive use of transformstion curves.

Although the transformation curve was used briefly in the precediny
psper it may be worthwhile to discuss it briefly in general temms in view
of its frequent use in the following snalysis. The transformation curve
is a relation derived from more basic data and can be used in at least
two different senses. The basic data consists of the amounts of the two
factors of production which are available, and the production functions

for the two goods. Then, subject only to the technological and resource

limitations by finding the maximum of one of the goods which can be produced
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for various specified smounts of the other good, the transformation curve
can be derived, This process can be represented graphically in the tw£>

good-two factor case by the box diagram in Figure La, familiar to ecohomista}
The dimensions of each side of the box represent the total asmount of factors
available, Any point within the box simultansously represents four quantities:
the amount of capital and the amount of labor used in the clothing industry,
which is determined by measurement from the lower left hand corner, and the
amount of capital and the amount of labor used in the food industry, measured
from the upper right hand corner, The heavy curved lines €15 €y 85y ¢ )\

are only a few of the infinity of the equal product lines which could be

drawn for different outputs. - Along each of the lines the different
combinations of factors result in the same éutput' of clothing, The lighter
curved lines fl’ f2’ f3, fh are similarly iso-product lines for the food
industry, The curved equal product lines for each industry in Figure Sa
represent the assumption, used for illustrative purposes, that it is possible
to use the factors in smoothly varying proportions. If, now we specify a
particular amount of clothing to be pi-oduced, 88y, ©y, and find the maximum

of food which cah simultaneeusly be produced, we must move along curve Cy»

crossing food iso-products lines such as f_, until we reach the highest

39
food line obtainable, in this case fh" Similar optmum positions will be
reached at other tangencies of the food and cléthing iso=product linea,'
The line tt' is drawn so as to pass through each of the tangenecy
positlions of the clothing and food isoquants. tt' will be called the

"efficlency locus" for the two goéds. 1f production takes place at any

I. This type of box diagram is an adaptztion of the Edgeworth-Bowley box

used in the study of consumers' behavior and development of the contract curve,.
P.A, Samuelson has used this device most frequently, 1 believe., ef, "Protection
and Real Wages," Review of Economic Studies, IX, 1941, 58-74 (with W.F. Stolper).



8

point off tt', it is possible by recoﬁbination of the factors to get more

of one good without diminishing output of the other. If along tt' corres-
ponding amounts of the two goods are read off and plottéd on a chart ss

in Figure Lb, the transformation curve between food and clothing is obtained.

Under the usual assumptions of diminishing returns the curve will be concave

to the origin,
Liyure 4a Frqureyb
Labor Clothing
iy
Capital
t
m
0 2 o 7
o t! o
Clothing Labor " Foed

1t should be clear that the transformation curve as derived depends
only on the original factor endowments and the technological conditions of
production and requires considerable substitution of factors in the production
of each good. Comrodity demand conditions play no part in the determination
of the efficiency locus and transformation curve in Figures la and Lb, just
as they played no part in tracing out the efficiency locus in Figure 1.
Demand conditions will, of course, detemine just where on the transformation

curve the system sebtles.
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ABehind the transformation curve tt' lie many fine adjustments as factors
are shifted from one industry to another and recombined in varying proportions
to obtain the maximum output from one industry for givam.—m@i#sﬁt‘ftﬁ”c;f the other
industry. It has been assumed that the neces*sary adjustments would be
accomplished as they would bp 44 a~perfect factor market. When imperfections
and rigidities of xwarious types obstruct the movements of factors and prices,
the system will not be .able. ,z;@,«ac‘hleve tt' but will instead do no better

= '\%a

=N seme Gther curve such as mn', We shall be interested

t3""""3‘11&13 ‘effect of impertections in the factor markets and it will be
useful to distinguish between transformation curves like tt' and mm'. The
curves like tt', dependenﬁ on factor endowments and technological limitations
and which require perfect adjustments in the factor markets, will be cailed
"technical transformation curves." The transformation curves which take
into account market imperfections may or may not be different from the
technical transformetion curves; the concept is useful to isolate, however,
and themter realtions will be designated "market transformation curves,®
In Section 111 of the previous paper a simple case of two goods each
produced by two factors which could be combined only in £ixed proportions
was adduced to illustrate the possibility of discrepanciés between a full
employment output and a maeximum value output. I now wish to extend this
analysis but it may again be useful to take several small steps rather than
one large one, o
Let us now assume that each good, x, and X, can now be produced by two,
fixed proportions processes, and th-t constant returns to scale prevail;l

only two factors, capital, K, and labor,L, are used. Figure 5a shows the

Y. The assumption of constant returns to scale is, of course, maintained not
because it is considered the best description of reality but for its analytical
convenience. Some comments on the effects .on the analysis of dropping this
assumption are made below.
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ridge lines indicating the factor proporticns which can be used for esch
product for the two goods. %he solid lines refer to product 1, the dashed
lines to product 2. ln Figure Sb these ridgs lines are uéed to fom a

box diagram of the type in Figur@ Lia, the dimensions of which correspond to
the given factor endowments of capitel and labor. The "efficiency locus"

for these two goods is & rather complicsied succession of line segments.

__ﬁigure Sa Froure 56

Process 1.; : o,

Ve

B

i
\
)
\
i

o A x;
Starting at 0y zero output of xl, the maximum outpul of x, othainable
is indicated at point A and could be couputed by dividing 02A by the scale
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factor applicable to process xz-". If output of X, is increased relative
to Xy it will be most efficient, at first, to use process xi and for x,
to be produced with process xé' 3 production of xl would then mmré along
the expansion path 'OIB and x2 should decrease along the expansion path
x}' to point B,

As production of X is expanded beyond point B it would be best to
begin to use both pmcééé x and’proceas ‘x]"_' in combinations indicated by
the intersection of 02A with the production possibility lines joining equal
outputs on the expansion paths of xi and x:'l' 3 production of x2 should
continpe to be by means of process x;' alone, however, This second stage
is indicated by the points on the segment BC which belong to both the
combination of xi and xi' and proceés x; *e 1t can be seen that, as production
of x1 is expanded in this stage andk_pmd;f.:tim qf x, is decreaséd, and increasing
proportion of X is produced by precess xJ‘,"’

In the third stage, as output of xl'is further increased it is most
efficient to use only process x]'-'g But now for any given ocutput of xl,
the maximum amount of x2 can be obtained by use of both process x:'e and x:'é' H
The third stage on the efficiency locus is indicated by line CD.

Finally, expansion of x, still further continues to be best done along
the expandion path of process x]’_' until st point E X is being produced
to the complete exclusion of X0 In this fourth and final stage output
of x, should be produced only by process xé, OnJ_,y in the fourth stage
and the first stage of the efficiency locus would optimum allocation imply
some unemployment of one of the factors. Ia the first the unemployment of
capital for different outputs of xl and x2 is indicated by the vertical

gi}tance between lines AB and O B. 1In the final stage the unemployment 1

1. This unemployment it shouldl be noted is exactly the same as that described
in the previous paper and is "technological" rather than due to lack of
effective demand.
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of labor is measured by the horizontal distance between lines DE ar_x,_q,“DOé.
| In actuality the occurrence and significance of any of the stéges,
depends on both "technology" and "factor ,endom'eﬁts.“ If process x!!' were
relatively more labor intensive its expansion path would pivot to the right
and stage 2 in Figure 5b woul& be prolongedo As common sense would suggest
development of a sufficiently 'laboz; intensive process Jri' could cause stages
three and four to disappear entirely and with them the possibility thzt |
there could be any "optimal" configuration which involved unemployment of
labor, A similar effect would result from a decrease in the amount of
labor endowment, This could be depicted by moving together the left snd
right hand sides of the box in Figure 5bs ~Increésing the Yabor .supply
would mean stretching the box horizontally;""i'his woﬁld not only increase
the range of outputs associated with stage l but-also, ‘1f pushed far enough,
eliminate first stage 1, the capital unenployment 'stage and then stage 2.

The technical transformation curve which is assoclated with the efficiency
locus sketched out in Fj.guré 5b is drawn in Pigure 5c as curve ABCDE, The
shape of this curve requires rigorous justification although it can be made

intuitively reasonably k,pla"iiéible. Its precise derivation will, therefore,
be left to the appendix. |

The points ABCDE on the technical transformation curve in Figure Se
correspond to the similarly lettered points on the efficiency locus in
Figure 5b. At first when only a little-xl is produced and a lot of X,
relatively we should move along the segment AB using process xi and xé' °
Unemployment of capital associated with this segment on Figure 5b will
be reduced as we approach B, Relative labor scarcity is limiting along

this segment and the slope of the line segment AB will depend on the ratio
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of the labor inputs per unit of output of x > to X, 0 The relative labor ‘
intensity oij process xé‘ compared to process xi as drawn on Figure 5a actounts
for the steepness of the segment.
The line segment ED on Figure Sc has an exactly analogous justification
to that above for the segment AB, Labor ‘unemployment will be reduced as D
is approached from point E, Capital is the only scarce factor and the
relative capital intensity of process .xi' as compared to process xé accounts
for the flatness of ED,
Point C is located conveniently relative to points B and D, More of
xl is produced at C than at B, though not so much more as préduced at point D,
Likewise less x, is produced at C than at B though much less than at D,
Referring to Figure Sb it can be seen that at point C only proceases'
xi' and xé' are used, Bai‘ore that betieen points A and B only process xi
was used with process xé'.. 1 The dashed lines on Figure 5¢ outline the
' technical transformation curves to which production would be limited if
only one process could be used for the production of each good. On the other
hand, between points B and C two processes, xi’and x]'_', are used to produce
xl in conjunction with “process xé' for Xye And between D and C processes
xj for xé'g are used together along with process x]'"o As a result we would

expect the sections of the technical transformation curve between B and C
and between D and C to be "furbﬁgr out" than any of the transformation
curves which involve the use of only a single process for each good. This
is in fact the case and, moreover, the segmenis BC. and CD will be straight
lines as can be verified by noting in Figure S5b that there must be a constant

ratio between changes in output of x2 along the line OZA s for example, and

changes in output of Xy on the negatively slanting production possibility
lines for xl ° |
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It was pointed out for the efficiency locus on Figure 5b thst changes
in factor endowment and technology could shorten or extend or even completely
eliminate various stages of the efficiency locus. This applies also to
the separate segments of the tecinical transformation curve. The technical
transformation curve of Figure 5S¢ illustrates all the possible stages which
could be produced by this simple case, from unemployment of capital to
unemployment of labor, It should not be presqﬁed that this range of
possibilities will actually existvin a particﬁiar system at any one time,
Rather, it is one of the objectives of empirical research to determine
the practieal significance of the theofetical possibilities,

It was pointed out in connection with the general introduction to
the use of transformation curves that there msy be differences between
the technical tranﬁfbrmation curve and the market trhnsformmtion curve,

In this section 1 should like to explore,?h;é_pézsibilityo

The méfket transformation curve is that produced by the action of
profit-maximizing or costeminimizing entrepreneurs in response to the
demand for different combinations of (two) goods. The cost minimizing
combination of factors will be determined}for any particular output at
the point at which the production possibility schedule for that output
touches the lowest expenditure line, If the production possibility schedule
has any slope at this point of "touching," a condition of equilibrium is
that this slope be equal to the factor price ratlo which determines the
slope of the expenditure line.

In the previous paper the technical transformstion curve was drawn
for the case of two goods each produced by single, fixed coefficlients process.

Since no substitution of fectors was possible in the production of each goodg
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the efficiency locus and technical tranefoma’tion curve were independent

of movements in factor prices. In the present case, however, since a
limited amount of substitution of factors is possible, as there are now

two pProcesses available for the production of each good, movements of factor
prices may affect the combinestions in which processes are used. Iln fact,
achievement of thg outer boundary of thé technical transformation requires

a certain smount of flexibility of market prices. A competitive factor
market would satisfy these require;ments. and make costeminimizing or profite-
maximizing adjustments identical to those on the efficiency-locus or technical
transformation curve. On the other hand, factor price rigidities would
cause discrepancies between the market adjustments and those necessary to
keep the sys.em on its technical transformation curve. For -example, in a
perfect factor market the wage of the surplus factors, in the AB and CD

stages of the technical transformation curve, capital and labor respectively,

would fall to zero. Suppose, however, that by means of union pressures

or minimum wage legislation real wages of labor were maintained so that
the ratio of labor-capital prices was greater than the negative slope of

‘the constant product lines for good xzbut less than the negatively sloped

portion of the x; isoquants. This would mean that it would always be more

profiteble to use process x}' alone in producing x,than process xé or a

combination of processes xé and xé‘. As a result the efficiency locus

would become ABCO, in Figure 5b and the curve ABCE in Figure 6 (a redrawing

2
of Figure 5¢c) would be the market transformation curve, If labor wages
were raised still further cost-minimizing behavior would rule out the
relatively labor-intensive proées& for ’1’ x]’", 35 well as the relatively

labor-intensive process for *\Mv/o As o vesult stace BC would be no longer
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achievable by market processes and the effective market transformation

1
curve would be ABF, with £ull employment of factors only at point C,

Fo‘gure §

Xy

A2

On the other hand, if the ratio of the price of labor to the price
of capital were kept at low levels by maintenance of high interest rates,
the market transformation curve would alsc be different from the technical
transformation curve, 4 factor price ratio mainteined st less than the
slope of the negatively slanting portion of the x isoquants would restrict
the market transformation curve to ACDE. An even lower ceiling on the
factor price ratioc would move the market transformstion curve into GDE,

It is possible in this case of two processes for each of two goods
for a divergence to exist between the full employment output and the output
with maximum value Just as in the sase of one process each for two goods
depicted in Figure li of the previous paper. This could result even if

there were no market imperfections. If, in Figure 6 the community indifference

J. The effect of factor-market imperfections in shifting the market transformation
"~ curve inside the technical transfommation curve have been pointed out and analysed
for international trade by G, Habeler, "Some Problems in the Pure Theory of
International Trade, "Economic Journsl, L, June, 1950, pp. 223-2L0 and by

P, Pamuelson, "lvalustion of Heal National Income)' Oxford Econcmic Papers, 11 (N.S.)

Jgrf)o ’1'.1950’ pp. 18-19 for welfare eccnomies; others have probably also noted the
eriecti.
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curves were 1ike i, rather than 12 so that the tangency occurred in the
capital scarcity-labbr surplus stage the divergence could exist. On the
other hand, community indifference curves shaped like 12 would mean that
it would be rossible for full amploymenf output and maximum value output
to be identical.
There gre several important qualifications to this demonstration.
First of all, the shape and position of the community indifference curves
might not be independent of the particular processes or combinations of
processes which are used. To handle this difficulty it would be necessary
to determine the shifts in income distribution which result from changes
in factor prices and proportions of factor use and to explore the differentials
in tastes of the recipients of the different types of income. Secondly,
without actual knowledge of the technology available and faetor endowment
it is impossible to say enything about whether slopes like that of ED, DC,
CB or BA will be most significant, and offer opportunities for tangencies,
Removal of factor price rigidities which limited the market transformation
curve to say ABCE or ABF would improve the commnity's welfare if the community
indifference curves are shaped like i_ or ia and did not change their general

1

shape, 1f the community indifference curves were like i_, introduction of

3’

flexibility in factor 18 would not chenge the community's welfare position,

other than through effec.s on income distribution ahd thus possibly to shift 13}
The preceding construction of the transformstion curve for this case

of two goods is dependent on the assumpticn of constant returns to scale

as well as the postulation of fixed coefficieni processes for each product,

1. P.A, Samuelson, op cit.



1f there were decreasing returns to scale in each process, there would
still be four possible separate steges of the transformation curve, Thé
segment representing each stage would, however, be curved and_concave to
the origin snd the possibility would arisze that the jJunction of the segments
would create a portion of the curve which is convex to the origin. Increasing
returns to scale would have opposite effects. The anlaysis above of the
effects of rigid factor prices on the transformation turve would not be
modified by dropping the assumption of constant returns to scale. The
welfare implications of such rigidities would not necessarily hold, however.
Sti1l further observations could be made on the implications of this
case but it ha;a s I believe, already served its mainiy introductory purpose.
While/ggme interest in itself this section was intended as a step toward
the analysis of the hypothesis sf.ated in the previous paper.
I11 A Model of Undexﬁeveloped Areas.

The primary interest of this paper is to examine the hypothesis that
some underdeveloped areas can be characterized by a two sector model: In
one sector there are only a few alternstive, relatively capital intensive
processes while in the other sector widely different and smoothly variable
coﬁbimtions of factors are possible.

The previous extensive treatment of the case in which the two sector
model is characterized by having only twe alternative processes available
for the production of each product will pe;z_n;t ‘the analysis of this section
to move rapidly. The diagrammstic represéntation of the hypothesis being
considered is presented in Figure 7a. The assumption for x that only two
alternative processes are available is maintained for convenlence; the

resulting production possibility curves for x, are shown by the so0lid lines.
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The assumption of varlable coefficients in the production of x, is represented
by the dashed lines in Figure 7a. As shown in Figure 7a, however, the
variability of the coefficients in production’of x2 is limited to the secior
between its ridge lines because st these ridge lines the marginal productivity
of one of the factors becomes zero and further input this factor would have

no effect on output% 1 really do not intend to commit myself st this time

to the view that the ridge lines for x2 are, in fact, quite cloze together.
Ergure 79 ’ Ligare 1b.

This may, indeed, be the case but the curves are drawn as shown mainly to

make it possible to represent a camplete range of possibilities on the
transformation curve. 1t may then be fruitful to speculste as to which

of the possibilities correspénd most closely to actual conditions.

Different factor endowment ratios, differénces in the range of factor proportiens

within which substitutability is possible, will, along with other influences,
change the position and shape of the efficiency locus and the corresponding

I 1tTis assugied that there is no disposal problem and, thus, that the
production isoquants do not bend back on themselves. .



transformation curve. The box diagram approach helps to clarify the
implications of the differences in substitutability in the fixed coefficient
and variable coefficient sectorsy it may be useful to consider these differences
one of degree rather than kind.

The production functions for xl and 12 are reproduced in the box diagram
in Figure 7b: the dimensions of the box are determined by the factor endowi-
ments} Using this box diagram we can trace out the efficiency locus for
the two products by repeatedly asking the question, "For a given amount of
X, what is the maximum amount of x, which can be produced?" ln the process of
tracing out the efficiency locus, the transformation curve can be drawn for
the two goods. Again it will be useful to proceed in steps.

Starting at Oli zero output of x the maximum amount of x2 producible
is given by OzA, lﬁ;the output of xy is increased relative to X5s it would
be most efficient at first to use process xi'for xy end to produce x, by
traveling along its most capital intensive ridge line, 02A° This represents
optimal behavior up to point B, It will be noticed that in this stage both
pfoducts are being producad with factors used in fixed proportions and capital
is a redundant factor. This results in spite’of the variability of coefficients

in production of Xé because outside the upper ridge line of x, capital has

2
zero marginsl productivity. Stage 1 is represented on the transfomation
curve in Figure 7c as segment AB,

The efficigncy locus from B to C is traced out by finding the succession
of points at which the x equal product curves touch the highest x2 equal

Py %] '
producf curves, ln this stage process xi will be used for x and a varying

I.” In fact only the rasio of the factor endowments is important for this
case as long as constant returns to scale is assumed. This is also true, of
course, of the previous case,



somhination of factors for Moo in stap 2 .1:1 is increased and x, decreased,

2
he oapital labor ratlo used in x2 will decrease. The segment of the

sanaformation curve for this stage BC will be curved as equal increases

iqure 7c
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in production of x5 along x]'_ will not result in constant changes in output of

X9 Only along rays from the origin 02

differences in output of x’zo BC will be concave to the origin as is "normal®

will equal distances imply equal

for transformation curves; graphically it can be seen that smaller and
smaller changes along xi are needed in order to move across equal changes

in output of xzo As production moves from B to C the points at which the

x]'. corners touch the X, isoquants will be characterized by smaller and

smaller slopes on the x2 isoquants, corresponding to the decreasing capital-
lebor ratio used in the production of x2, At some point, C, yhe capital-
labor ratio in x, will become equal to the capital-labor ratio represented

by the negatively slant.ing portion of the x isoquants., A ray from the

origin 02 to point C will intersect every X, isoquant at a point with identical
slopes. Thus the third stage of the efficiency locus and the transformation
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curve will be the series of tangenciss of the negatively slanting portion

of the xl isoquants, representing combinations of processes x and xl

and the x2 isoquants along the ray 020. As production moves from CtoD

there is & shift in the proportion of output produced processes by xi
and xi' until at point D all of xl is produced by process x.;_. The segment

of the transformation curve corresponding to CD on the efficiency locus
will be a straight line as CD lies on a ray from O, and thus the equal
Jumps across the x5 isoquants will mark out constant changgg in production
of x2.

At point D and for further increases in output of xl relative to x2
it would be best to use only process xi' for production of Xy In stage L
as in stage 2 the efficiency locus, DE, is traced out as the series of
points at which the x]'_' process isoquants touch the "highest" isoquants of
X, in the curved portions. The segment of the transformation curve, DE,
corresponding to DE on the efficlency locus is curved, for reasons similar
to those which created the curvature of segment BC.

The final stage of the efficienéy locus is the labor unemployment stage.

Output of x; is exclusively by use of process x{' and output of x, falls

along the labor intensive ridge line, 02E. Unemployment of labor is measured
as the horizontal distances between these lines in this stage. The marginal
productivity of labor has fallen to zero in the x, sector and in a perfect
factor market wages would fall to zero., EF represents this final stage on
the transformation curve in Figure 6c.

ABCDEF in Figure % is the full transformation curve for this case. There
are now curved as well as straight line segments and the kinks, characteristic

of the previous transformation curves have disappeared}

I. Being off the efficiency curve, it may be noted is like being on a isoquant
Im in the single good case. Cf, Figure 1 above,
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In Figure 7b it is also possible to visualize the effects of innovations
which change the shape and position of the production isoquants for each
product and the relative factor endowments} Stretching the box vertically,
for example, would represent an increase in the amount of capital available;
it would, if carried far enough, eliminste all or part of the relatively
labor intensive segments EF and DE and would stretch the capital unemployment
sector AB, Developing more capital intensive processes for either or both
goods would swing the capital intensive ridge lines toward the vertical axes.
This would reduce the capital unemployment stages and might add stages like
CD, Similar effects for labor would result from development of more labor
intensive processes.

Without empirical knowledge, it is not possible to evaluate cerﬁainly
the relative importance of each of the stages. However, according to the
hypothesis advanced in the previous paper the transformation curve for
underdeveloped areas would consist mainly of high labor intensity and labor
unemployment segments such as DE and EF,

In this case as in the previous case for the market mechanism to keep
production on the efficiency locus it is neceésary that factor prices be
flexible., But flexibility within the wides limits is required to achieve
every possible position on the transformation locus in Figure 7c. If factor
endowments or technology eliminate one or more of the segments of this
curve, the range within which factor price flexibility is required is
correspondingly reduced. Limited factor price flexibility may be quite
serious when at least one good is produced with fixed coefficient processes.

I.” It may be noted in passing that in the constant returns to scale case, only

relative factor endowments are important in determining the shape of the trans-

formation curve. If the absolute factor endowments were changed while relative

factor endowments remain constant, it would emount to sliding the northeast and

southwest vertices of the box on the connecting diagonal.
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If rigid factor prices render a relatively labor intensive process un~
profitable, the only alternative process may rgpresenx a big jump to a

quite capital intensive process as well as a drastic obstacle to substitution
in the variable coefficients process,

1t may epproximate reality to assume that factqr price ratios in the
variable coefficients sector are relatively more flexible than those in
the fixed coefficients sector. This might result from differential strength
o£ union organization or susceptibility to govermment wage controls. Suppose,
for example, the labor-capitsl price ratio was set at, or above, that re-
presented the slope of the constant product curve combining processes xi
and x;'. Process x}* would never be pse&'and the transformation curve
would be ABCGH; this is below the optimum transformaetion curve and has a much
longer range of unemployment. If both sectors were characterized by such
high, inflexible factor price ratios, the economy's transformation curve
would approach ABJ,

Although the effects of rigid wages on the transformation curve of the
economy are clear, welfare Jjudgments as to the results of removal of the factar
price rigidities are subject to the same qualifications spelled out for the
previous case. Much depends on the effects of a change in methods on the income
distribution and, via income distribution, on community preferences. One result
~ of assuming variable coefficients for one sector is to provide a contimuous
range of sldpes on the transformation curve at which tanéencies with community

indifference curves could occur.
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As in the previous analysis the existence of straight line segments
in the transformation curve depends on the constant returns to scale assumption.
Non-constant returns to scale would introduce curvature throughout the
transformation curve.

The two good=two factor case contains, 1 believe, most of the essential
characteristics of the many good-mar{y'factor case, A number of problems of
snalysis remain but it is interesting to find that the major impressions
of the simpler one good-two factor examples of the previous paper have,

on the whole, been confirmed.



26
APPEND1X

Figﬁre Sa represents the two processes which are available for the
production of each of the two goods and on Figure 5b, along the efficiency
locus, it is possible to read off the combinations of processes actually used,

From A to B in Figures 5b and Sc processes x; and xé' are used, The
boundaries of the transformation curve for this combination of processes

are given by the factor use equations

(1.1) %' ba xS z | 3
1.2 a ! T
( ) " xl ¢ ‘221 oxz <L 3

where K and L are the factor endowments. These equations say that the
amount of capital and labor, respectively, used in the production of xi and x2
can be no more than the endowed amounts of the factors. (1.1) and (1.2)

provide the boundaries of the technical transformation for this set of processes.,

Rewritten in the form

(1.11) x. sE 22 4 ;
B e
83 Ay
(1.21) x $I _ 32" 4 .
1T - T2
21 &

they are somewhat more easily visualized. 1t has been assumed that in this
stage labor is the limiting factor and capital is redundant so that (1.21)
provides the equation for the line‘along the AB segment of the transformation
curve in Figure 5c. If capital rather than labor is limiting the equation

(1.11) becomes relevant.

The boundary conditions for processes x)' and x,' used along the DE

2
stage of Figures 5b and 5¢ can be similarly derived as
a L] a !
11 11
- al
(2.21) x < L __2 x

bed

&2i ? B?:{ § 2 a
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In this stage it was assumed capital was limiting, so that (2,11) provides
the only operative boundary condition.
At point C processes xi' and xé' are used together with full employment

of factors. This point can be found by solution of the boundary line

equations for the process,

(3.11) N S S - S ;
1 LA a "
- 1 11
a " . .
< K - 22 x 3
(3.21) X ol T
21 21
to give .
(3.3) x, z 12 L-%22 K
1° — "
[} ]
%2 82].." a,’ a,,'
(3.4) x = &'t L-a,'k
2

' 523" - ey ey

Between B and C and between C and D two processes are used to produce
one of the goods along with one process for the other, Working with the
BC section which uses processes x' and x'! f " |

p X, a x, " for xl and x2 for xa, tae

factor use equations are

(Lo1) 0 ' b oAl fa x <X :
(4o2) 50 %' b et ettt <L .
Note that

(he3) SR E A

(Lok) x' = x
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We can express the proportion of x| produced by xi as

(Lo31) x'}/ -0
B!

so that
(k.32) X'z (1-6)) x
where 1t is recognized that Cy will vary.
It is now possible to express the boundary equations for this stage

intamsofxl,xzandcl:

- (ko11) x € X 812
C, (.t =a!') }at - (a 1e ' %
18y "%/t Cp '3 - 833") 4 ayg
(hoZl) 31 S K - ‘gé' 12
Cy (a3 = 2y3") oy’ C) (ay] = ap1") + a5y’

Cy could be eliminated from these equations to find the equation for the

segment BC,



